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We present a new continuum elastoplastic damage model for cementitious materials which captures their
distinct behavior in tension and compression due to crack-induced damage and irreversible plastic defor-
mation. It also describes their response under multi-axial loading with low to high confining pressures. A
smooth, closed-convex three stress-invariant yield surface is developed which perpendicularly intersects

Keywords: the negative hydrostatic axis and is composed of a shear loading surface and an elliptical cap. It incor-
Cement porates a plastic internal state variable (ISV) characterizing non-uniform hardening of both shear loading
Concrete surface and elliptical cap, while the flow rule is considered to have volumetric non-associativity. Damage
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evolution laws incorporate two ISVs describing crack growth at the macroscale under tensile and com-
pressive stresses separately. Overall damage under multiaxial loading explicitly considers the effect of
confining stresses on damage evolution and stiffness recovery effects under cyclic loading. Model predic-
tions are compared against several experimental results on various concretes and also against responses
of recently reported models. The proposed model predicts distinctive features of concrete very well in-

cluding hardening behavior in triaxial-compression and both pre- and post-peak volumetric behavior.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Throughout many years, several theoretical and computational
models involving continuum plasticity and/or damage mechanics
have been developed to simulate the mechanical behavior of ce-
mentitious materials like concrete, c.f. (Caner and Bazant, 2013;
Etse and Willam, 1994; Folino and Etse, 2012; Grassl et al., 2013;
Han and Chen, 1987; Lee and Fenves, 1998; Lubliner et al., 1989;
Luccioni et al., 1996; Papanikolaou and Kappos, 2007; Salari et
al., 2004; Sanchez et al., 2011; Voyiadjis et al., 2008; Wu et al.,
2006). Concrete is the most widely used construction material in
the world; however, appropriate modeling of its experimentally
observed behavior under multi-axial loading conditions, particu-
larly under confined compression, is still challenging. There are
many experimental studies showing that depending on the stress
state and more specifically on the confinement level, failure modes
in concrete change drastically, c.f. (Burlion et al., 2001; Imran and
Pantazopoulou, 1996; Lu et al., 2007; Poinard et al., 2010; Sfer et
al., 2002) among many others.
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Under predominantly tensile loading with zero to low confine-
ment, concrete experiences nucleation, rapid growth, and coales-
cence of micro-cracks, forming highly localized fracture zones, ac-
companied by strain softening and significant degradation of elas-
tic stiffness. Its response under tension is much more brittle dis-
playing considerably lower strength levels and negligible plastic
hardening compared with its response under compressive loading
states. At the other end of the spectrum, under triaxial compres-
sion with high confining stresses, concrete is remarkably ductile
displaying considerable plastic deformation with limited microc-
racking. The stiffness degradation is very limited as well with no
well-defined peak stress - the axial stress vs. strain curve shows
a hardening response characterized by a monotonically decreasing
slope tending toward a plateau - and inelastic volumetric dilatancy
is also greatly reduced, c.f. (Poinard et al., 2010; Sfer et al., 2002).
Under massive confining stresses, an additional inelastic mecha-
nism characterized by material densification (or compaction) due
to collapse of micro-porous constituents and micro-voids is also
activated, particularly in mortar in the vicinity of mortar-aggregate
interface, cf. (BaZant et al., 1986; Burlion et al, 2001). On the
other hand, under moderate confining pressures, concrete exhibits
both ductility - characterized by irreversible plastic deformation
which strongly increases with confinement - and micro-cracking,
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microcrack sliding and material crushing - which results in notice-
able inelastic volumetric expansion and material stiffness degrada-
tion, c.f. (Poinard et al., 2010).

Therefore, in order to appropriately address the full spectrum
of concrete inelastic deformation and failure modes - both, due
to plasticity and micro-cracking under multiaxial loading subjected
to various levels of confinement - and, furthermore, accounting
for the continuous transition from brittle to ductile failure behav-
ior, an elastoplastic-damage model which is based on both, irre-
versible plastic deformation and continuum damage mechanics, is
required.

Many authors have developed constitutive models which com-
bine flow theory of plasticity with damage while describing the
mechanical behavior of concrete and rock-like geological materials,
c.f. (Cicekli et al., 2007; Lee and Fenves, 1998; Lubliner et al., 1989;
Luccioni et al., 1996; Salari et al., 2004; Voyiadjis et al., 2008; Wu
et al., 2006). Almost all of these models seem capable to describe
the plastic-shear deformation and crack-induced damage evolution
under low to moderate confinement. They, however, are not suit-
able to describe the related inelastic deformation under high con-
finement range including pore collapse hardening processes under
massive confinement. For example, under hydrostatic compressive
loading, concrete first exhibits somewhat softening behavior be-
yond its elastic limit under low pressure. As the pressure increases
an increasing stiffening behavior is observed because of material
densification i.e. concrete exhibits a small reversible (or elastic)
regime followed by an elastoplastic regime where both the tan-
gent moduli and bulk secant moduli increase as the result of com-
paction (Burlion et al., 2001). Such non-linear behavior cannot be
predicted using aforementioned models.

On the other hand, up until recently, several models specifically
for concrete are developed which are also based on flow theory
of plasticity and potentially can describe some of its inelastic de-
formation behavior under high-confinement, c.f. (Etse and Willam,
1994; Folino and Etse, 2012; Grassl et al., 2013). In these mod-
els, hardening in pre-peak regime is described using ‘closed’ (or
bounded) evolving yield surfaces which intersects both positive
and negative side of hydrostatic pressure axis. Although, post-peak
softening behavior is described using fracture energy concepts (),
they, however, are unable to capture some of its crucial behav-
iors including either crack-induced stiffness degradation, or stiff-
ness recovery during cyclic loading, particularly as loading changes
from being predominantly tensile to predominantly compressive
furthering crack-closure effects. Moreover, even though models e.g.
Grassl et al. (2013) use single plastic yield surface and account for
the damage, transition across the negative hydrostatic axis is not
smooth as they do not intersect it perpendicularly.

Considering all of the above, in this work we present a contin-
uum elastoplastic damage model for concrete which captures its
distinct behavior in tension and compression both, due to crack-
induced damage and irreversible plastic deformation, while also
describing its response under multi-axial loading with low to high
confining pressures. Irreversible deformation is described using
flow theory of plasticity which is considered to operate in the ef-
fective configuration pertaining to the undamaged material. The
yield surface is composed of a shear loading surface and an ellip-
tical cap; it is smooth, and is perpendicular to the negative hydro-
static axis.

The evolution law of plastic internal state variable (ISV) char-
acterizes the non-uniform isotropic hardening behavior in which
both shear loading surface and elliptical cap undergo hardening.
The flow rule is considered to have volumetric non-associativity as
it has been reported that associative flow rule over estimate the
volumetric dilatancy (Etse and Willam, 1994; Smith et al., 1989).

Next, we have adopted the hypothesis of strain equivalence to
incorporate the effects of damage (Limmer and Tsakmakis, 2000;
Ju, 1990; Lemaitre, 1985; Lemaitre and Chaboche, 1998; Menzela et
al.,, 2005; Voyiadjis and Taqgieddin, 2009). It is noted that in duc-
tile, quasi-brittle, and brittle materials, the damage evolution, as a
function of deformation, is typically divided into three components
- void/crack nucleation, growth, and coalescence (c.f. (Garrison and
Moody, 1987), (Horstemeyer et al., 2000), (Paliwal and Ramesh,
2008)). In the present framework, separate rules characterizing
crack nucleation, growth and coalescence are not specified. In-
stead, the underlying micromechanical processes of crack nucle-
ation, growth and coalescence are represented as coupled and ap-
proximated at the macro-continuum scale with the help of a dam-
age evolution law which incorporates appropriate damage ISVs.
Two damage ISVs describing tensile and compressive damage evo-
lution separately are introduced. An isotropic scalar damage pa-
rameter characterizing overall damage under multiaxial loading is
subsequently formulated which explicitly considers both, the stiff-
ness recovery effects under cyclic loading and the effect of confin-
ing stresses on damage evolution under predominantly compres-
sive loading.

The paper is structured as follows - in the next section and
its subsections, we describe the framework for the elastoplastic-
damage model followed by the description of individual com-
ponents and features constituting both plasticity and damage.
Section 3 describes the procedure pertaining to calibration of
model parameters using conventional tensile and unconfined and
confined compression tests. This is followed by Section 4 which
presents the comparisons between the model response and ex-
perimental data under wide range of loading scenarios includ-
ing compression under both low and high confinement. Finally,
Section 5 summarizes the work.

2. Elastoplastic - damage model
2.1. Framework

This section describes a framework of three dimensional
damage-plasticity model developed for concrete. Damage at the
macroscopic scale due to growth and coalescence of micro-cracks
is described by the isotropic damage parameter D where D < [0,
1]; value D=0 and D=1 correspond to undamaged virgin state
and complete ruptured state, respectively. It is a function of two
parameters - tensile damage D', and compressive damage D~ -
characterizing the degradation of mechanical properties of con-
crete under tension and compression, respectively. Using Lemaitre’s
strain equivalence hypothesis (Lemaitre, 1985), homogenized stress
o associated with the damaged state, is mapped onto the stress
ajj in the effective undamaged state as follows

O'jj

() (1)

51‘]‘ =
The bar on the top of the variable means that it is expressed
in the effective (undamaged) space. Next, we use the following
coupling relationship for damage parameter D which couples both
tensile and compressive damage parameters as well as a function
defining elastic stiffness recovery during transition from tensile to
compressive loading, as described by Lee and Fenves (1998)

D=1-(1-5(;)D*)(1-D") (2)

where s(6;;) which is a function of stress state such that s(6;;) €
[0, 1], is defined as follows

s(Gij) =0+ (1 —s0)R(5) o
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Here, s € [0, 1] is a constant, and dimensionless parameter
R(6jj) € [0, 1] is a weight factor (c.f. Lubliner et al.,, 1989) defined
as follows

0 G =0

B 4)
L) otherwise (
it 16l

R(Gij) =
where, (x) = %(|x|+x) denotes the Macauley bracket function,
and 6y, k=1, 2, 3 are principal stress values of &;;. Note that
any value of s between 0 and 1 results in a partial recovery
of elastic stiffness during the transition from tensile to compres-
sive loading. If all principal stresses are positive, s=R=1 and
D=1-(1-D7")(1-D~) which implies no stiffness recovery during
the transition from compression to tension. On the other hand, if
all principal stresses are negative, s=Sg; R=0 and D=1-(1-sg
D*)(1-D~) which implies full elastic stiffness recovery if sqg=0,
and no recovery if sp=1.

Next, we can decompose the strain tensor &; into its elastic,
85 and plastic part, 85, and the following can be expressed from
linear elasticity

_ p. _ p
eij=efj+eli 0 =Eju(eu —efy) (5)

where Ejy is the elastic stiffness tensor of the damaged material.
From Egs. (1) and (5;), we subsequently obtain

Ex — 81131) = E?jk,(sk, - 815!) (6)

- Eiji (
G =
YT (1-D) D)
where El.jk, is the elastic stiffness tensor of the virgin material.
Eq. (6) also suggest that the effective stress is defined with respect
to undamaged state and the overall damage parameter D repre-
sents the degradation of the elastic stiffness. In what follows, the
characterization of the plastic response is formulated in the effec-
tive stress space where g;; is determined from the evolution law
for the plastic strain 85. expressed as follows (repeated indices im-
ply summation)
}\4 an(C_fij, Kp)
Ut 9ey
kP = AP (6. kP)  (hardening law)
F(6ij.kP) <0; 4 >0; AF =0 (loading — unloading
Kuhn — Tucker complementary conditions)

= Xmij (flow rule)

AF (6. k7) = )L(aafj 5 i+ ;;k”) =0 (consistency condition)
(7)

In Eq. (7), & is the plastic multiplier, F° is the plastic poten-
tial, and function F represents the yield surface which determines
the admissible stress states. F is not the same as plastic potential
function FP if the flow rule is non-associative, implying that the
direction of the plastic strain rate vector is normal to the plastic
potential surface (FP =0) which is different from the vector normal
to the yield surface (F=0). kP is the ISV characterizing isotropic
hardening, evolution of which is determined using a plastic hard-
ening function hP.

Damage parameters Dt and D~ are functions of tensile
and compressive ISVs k™ and « ~, respectively. Damage loading
function and evolution laws of ISVs along with damage load-
ing/unloading conditions according to Kuhn-Tucker relations are
given as follows

i F / F* (R(335), 67%)dt

Ff <0;k* > 0;k*FF =0 (8)

Ff=F"—«

where, t represents time, F; are the damage loading functions,
and functions F* depend on parameter R(6jj) (see Eq. (4)) and
on equivalent plastic strain rates §P* (see Eq. 34 and Eqs. (46, 47)
later in Section 2.3.3 for the definitions of F*, §P+ and F—, &P~,
respectively). Corresponding damage consistency conditions during
damage evolution can be obtained as follows

Ff=F=0=>Ff=x* F=k*>0 (9)
Using relationships presented in Egs. (7) and (8), we can obtain

continuum elastoplastic-damage tangent modulus as follows. Dur-
ing plastic loading, we have from consistency condition (Eq. (74))

oF OF ., OF IF
96,00 T 9
Oij

. 0 /=
8ICPK 8_ El]kl(gkl gkl) 9K p)\,hp— (]0)

using the flow rule from Eq. (7;) in Eq. (10

consistency parameter as follows

), we can solve for the

OF £0 4

i 8('7ijEijI<18k’ 1 oF »

T GEpo 3F _ OF pp ) 06y Ef€i (11)
d0;; "ijkl 9oy BKP

substituting Eq. (11) into Eqgs. (71) and (5) we can obtain effective
elastoplastic tangent modulus ij‘l’d as follows

- 1 oFP JoF . =ep -
0ij = |:Expjkl v <Ei0jmn R ) (qukza(}m>i|8k1 =Cén  (12)

Derivation of elastoplastic-damage tangent modulus Ce ik which

is obtained after time-differentiating Eq. (1;) is given in Appendix
A

2.2. Plasticity model

The plasticity model developed in this work includes a yield
criteria using pressure and Lode angle sensitive yield function, a
non-associative plastic flow rule, a hardening law accompanied by
an evolution law of the ISV used in the hardening law. The yield
function and the plastic potential are formulated in the Haigh-
Westergaard coordinate system which is defined by the cylindri-
cal coordinates “g‘_ , p and 0 representing the hydrostatic component,
the deviatoric component and the Lode angle component, respec-
tively. These coordinates are functions of the invariants I;, ; and J
expressed in terms of the principal stress tensors 61,6, and &3
(where 01 > 6, > 03) as follows

1-1 =01+ 0, + 03

=2k = g[G1-62+ G263 + (65~ 61)7]
-1 3v3 J , - L\/- L\/. |
() 5 e e

2.2.1. Yield surface

In this work, we have developed a smooth yield-surface which
perpendicularly intersects the negative hydrostatic axis. For this
yield function at any hardening level, all points in the principal
stress space such that F < 0, constitute a closed-convex set. This
set is also bounded for g < 1 because of the elliptical cap F¢ (Fc is
described later in the section). In the past, several studies charac-
terizing mechanical behavior of concrete have used open yield sur-
face while describing the evolution of plastic strain (c.f. (Cervenka
and Papanikolaou, 2008; Grassl et al., 2002; Papanikolaou and Kap-
pos, 2007; Sanchez et al., 2011)). As a result, these models fail to
account for plastic deformation under high pressure loading con-
ditions as there is no limit to the elastic zone on the negative
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part of the pressure axis. This is in contrast with some of the
reported experimental evidence which suggest plastic flow under
pure hydrostatic loading (c.f. (BaZant et al., 1996; Green and Swan-
son, 1973; Sfer et al,, 2002)). On the other hand, there are stud-
ies which consider bounded yield surface; some of them, however,
are represented by either (° continuous curves (c.f. (Han and Chen,
1987)) or higher order C' continuous curves which does not in-
tersect the negative pressure axis perpendicularly (c.f (Etse and
Willam, 1994)). The function describing the yield surface devel-
oped in this work does not have these limitations. It has two main
components - a shear loading function F; (defines the ‘cone’ re-
gion), and an elliptical cap function Fq (used to define the ‘cap’
region). The shear loading function is a pressure and Lode angle
sensitive three parameter function similar to the one proposed by
Menétrey and Willam (1995). The three parameters required are
uniaxial compressive strength fc, uniaxial tensile strength f; and
equibiaxial compressive strength f,. Subsequently, function F; is
given in terms of effective stress (in Haigh-Westergaard coordi-

nate) as follows
2
35 2
== +moq° (kP
(\ﬁ f:) o (<)

[ —2—1(cosf 5)_zp= 14
(\/gfc ( s@,e)+ﬁfc @ (kP)=0 (14)

The shape of meridians of F, on the Rendulic plane
(,6—§ plane) is parabolicc and on the deviatoric plane
(plane & = constant) it varies from triangular to almost circu-
lar with increasing confinement. Elliptic function I'(cosé, e)
proposed by Willam and Warnke (1975) is used here which
controls the shape of the deviatoric section, given as

4(1 - €?)cos?6 + (2e — 1)°

Fi(§.5.6,q(cP))

F(cos@_, e) =

2(1-e?) cosé+(2€—1)\/4(1 —e2)cos26+5e2 —4e
(15)

The eccentricity parameter e is evaluated from the three param-
eters using the relationship proposed by Jirasek and BaZant (2002,
pp. 365) as follows

1+e€ fe sz - f2
e= , Where € = =— (16)
2-¢ f (fc2 - fZ
Finally, friction parameter mq is given as
2 _ f2
- e
o =3fcff[ff — (17)
c

The evolution of the loading surface during hardening is con-
trolled by a hardening function q(«xP), which depends on an
isotropic ISV kP, and is described in detail in the next section.
Fig. 1 shows the plots of the loading function on the Rendulic
plane for various g(«P). The maximum value q(xP) is equal to one
(corresponding to kP=1 as described in later section) at which
the loading surface becomes the failure surface as proposed by
Menétrey and Willam (1995)

_\ 2
F(€.5.0.1) =F(£.5.0.1) = 3(}1)

_ £ 3
+m0<f6fcr(cose,e)+f3fc>—1_o (18)

Note that I'(cosf,e) =1 and 1/e for compressive and tensile
meridian, respectively. Parameters e and mg are obtained in terms
of fe, frandf, (Eqs. (16, 17)) by substituting corresponding values
of p and € in Eq. (18) at peak stress levels, for cases _of uniax-
ial tensile and equibiaxial compressive loading (I"(cos6,e) =1/e

i

e — S
. Lo g=1 o
compressive meridian P
d=m/3
2
Qs
1
0 1 2 3 4
_f
fe

Fig. 1. Evolution of the compressive meridian of the shear loading function F; in
Rendulic plane during hardening.

0.8 \
g=06
g =03
0.6°
5
04
0.2
| £
A N
01 L R L
0i 12 4

QN‘ S WAl 75

Fig. 2. Plots of the cap function Fc vs. —% for different levels of hardening.

for both cases). This results in two bilinear equations which are
solved simultaneously to obtain expressions for e and mg as given
in Egs. (16), (17).

The second component of the yield function is the elliptical cap
function F¢ which determines at what point the yield surface inter-
sects £ - axis in compression. This intersection point corresponds
to (“g‘_o, 0) = (“;‘_O(q(/cf)),O) which is also where the plastic defor-
mation commences in pure hydrostatic loading for a given level of
hardening Kf. Further loading leads to the evolution of hardening

to /cf which also changes the intersection point to (“g‘_o (q(Kf)), 0).
The cap function used in this study is described as follows

_ 1 if€ > E(q(kP))
F(€.q(kP)) = £ (q(cr L ifE<£
e(§.a(") \/1 ~(gasaen =) ifE &)

(19)

The intersection point (5_0,_0) is, therefore, a function of «P.
Similarly, the transition point (£1,1) = (§1(q(xP)), 1) is also a func-
tion of g(xP); once the ISV «P is known, both & and &; can be
evaluated. Fig. 2 shows plots of the cap function on the Rendulic
plane for various q(xP). Finally, the yield surface F is obtained us-
ing F; and F¢ as follows

2
FE£.6.00e7) = [\E ﬁ] | mo T

Fc(é,xp)+<moéf —1)(Fc(§7CI(Kp)))2i| =0 (20)

(cosb)
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Fig. 3. Evolution of the compressive and tensile meridians of the yield surface F in
Rendulic plane during hardening. Results from present model are compared with
results from Grassl et al. (2013).

The transition point (5_1, 1) on the cap surface Fc corresponds
to the transition point (&1, p1) on the yield surface F. Note that for
& > &, the yield surface F is identical to the shear loading surface
F; defined in Eq. (17) as F- = 1 for £ > £&;. Both &, and & are deter-
mined as a function of g(xP) by using the yield surface of extended
Leon model (Etse and Willam, 1994) modified by Grassl and Jirasek
(2006) denoted as FY which is given by the following equation,

) +32)

)—QZ(K")=0 (21)

FGf(é,ﬁ,é,qw))s<<l—q<fcp>>( b+

£
Vi V3fe

p 5 §
N I(cosf) + NeTR

This yield surface also becomes the failure surface proposed by
Menétrey and Willam (1995) as described in Eq. (18) for q(«P)=1.
The intersection point (£y,0) as a function of hardening q(«P) is
determined by substituting it in Eq. (21) and solving the resulting
quartic equation. The detailed steps are described in Appendix B.1.
Furthermore, the transition point at (&1, ;) is determined by com-
puting first the stress coordinate (E_max, Pmax) Which is the max-
ima of the yield surface F®/ described in Eq. (21). The ordinate
01(q(kP)) of the transition point (which is less than pmqx) is given
as,

+moq2(K")(

P1=0UPmax; 0 < <1 (22)

Once p; is known, the abscissa “;‘_1 can be determined by substi-
tuting it in Eq. (20) (note that where F-=1 at the transition point)
and is evaluated as follows,

< p _ fC\/§
§1(q(k?)) = p—
Nazier - moqz(/cP)F(cos@_)& 3(p 2
(q < & & 2\% 2

The detailed calculations are presented in Appendix B.2.

Fig. 3 shows the evolution of the resulting tensile and com-
pressive meridian plots of the yield surface F alongside F¥ during
hardening in the Rendulic plane. Finally, Fig. 4 shows the three-
dimensional representation of F in principal stress space with
traces of several meridians and deviatoric-plane cross-sections.

2.2.2. Hardening law
The positioning and the shape of the yield surface is controlled
by a scalar non-dimensional hardening parameter q(«P) which is a
function of hardening ISV «P. The evolution law of «P is given as,
= = [(cosf)]’ (24)
% (5)

where &P represents the Euclidean norm of the plastic strain rate

tensor defined as P = ||él.pj|| = /5551’} and xp (&) is the hardening

ductility measure which encapsulate the influence of hydrostatic
pressure on ductility. It is an increasing function of pressure (or
decreasing function of £) and is defined by the peak value of to-
tal plastic strain when the failure envelope is reached (i.e. when
kP =1) under triaxial compression loading condition. It is given as
follows,

_ Ap exp (BDRD(E;:)) +Cp ifRD(é) >0
= " ~ 25
XD(é) {DD exp (EDRD(S)) +hk lfRD(S) <0 ( )
where Rp varies linearly with E_ defined as follows,
H_f 1
W) =5+ 7 =

Function xp has six parameters; two out of these six param-
eters, however, can be determined by imposing a condition of
smooth transition at Rp=0. This implies,

Ap+Cp=Dp+ K
ApBp = DpEp (27)
Four remaining parameters can be calibrated from values of to-
tal plastic strains at peak stress under unconfined tension, uncon-
fined compression, and compression under low and high confine-

ment levels. Eq. (24) can also be used to define h?(g;;, kP) (see
Eq. (7,) above) which is determined as follows,

_ [m(Gy.<7)|
xp(6118i/v/3)

Finally, q(kP) is defined in terms of «P as follows (Grassl and
Jirasek, 2006),

_Jao+ 1 —qo)[(kP)? —3kP +3]kP if kP <1
q(KP)_{ [ 1 ] if kP =1

) [ (cosd)]” (28)

(29)

Note that the minimum and maximum value of q(«?) is g and
1, respectively, and corresponding of «? is 0 and 1, respectively.

2.2.3. Non-associative plastic flow rule

The inelastic volumetric dilatancy is determined from the vol-
umetric component of plastic strain increment. It has been re-
ported that by using an associative flow rule, in which the direc-
tion of the plastic strain increment is normal to the yield surface,
a significant overestimation of volumetric expansion for frictional
material such as concrete is obtained under compressive stresses
(Etse and Willam, 1994; Smith et al., 1989). Similarly, the normality
rule severely over-predicts the triaxial strength in strain controlled
environments, as the excessive dilation converts into large over-
prediction of lateral confinement (Etse and Willam, 1994). There-
fore, to control the amount of dilatancy a non-associated flow rule
is adopted in the present model. The plastic potential FP is subse-
quently determined by using a volumetric modification of the yield
function F in which the hydrostatic component of the plastic strain
rate is the only one that does not follow the normality flow rule.
FP is given as follows,
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Fig. 4. Evolution of the of the yield surface F in principal stress space.

FP(§.5.0.q(kP)) =F(€.5.0.q(kP)) + (q(k?)*f(€. q(kP))
(30)

where function f, which depends on the volumetric stress for a
given level of hardening, is expressed as follows,

f(E.qcP)) = f‘\foexpRfB(f)+cE - Ry(E) = 5 Shener

%) fe
(31)
where .i-_,,ertex represents the hydrostatic tensile strength given as
3 _ V3fe
gvertex = mo -

The material parameters Ay, B and G are determined from three
different experiments with dilatancy measurements at different
levels of confinement e.g. unconfined tension test, and compres-
sion tests under low and high confinement. Appendix C presents
the gradient of the yield and plastic potential function.

2.3.3. Damage characterization

In the parlance of continuum damage mechanics, progressive
loss of material integrity and stiffness degradation is a direct result
of the growth and coalescence of micro-cracks, micro-voids and
other distributed defects constituting overall damage. In this work
the damage in the material is defined by an isotropic scalar pa-
rameter D which is a function of tensile and compressive damage
parameters D™ and D, respectively. These parameters are func-
tions of ¥+ and k ~ ISVs, respectively. In this section we describe
the relationship between these parameters and their correspond-
ing ISVs, along with their evolution.

Under tensile loading, the specimen develops a localized frac-
ture zone comprised of micro-cracks as the peak stress is realized.
Upon continued loading, the unstable growth and eventual coales-
cence of micro-cracks in this fracture zone (which is usually nar-
row and is aligned perpendicular to tensile loading direction) cause
a decrease in the load carrying capacity of the specimen which ul-
timately falls to zero. This corresponds to the post-peak softening
part of the stress-strain curve. Consequently, the plastic strain rate
is localized within this zone, separated from the remainder of the

body which experiences elastic unloading. In this work, we model
this localized fracture zone as a fictitious cohesive crack whose re-
sponse is characterized by a traction-separation law or a cohesive
law. This law relates the traction transmitted by a partially formed
cohesive crack to homogenized crack opening displacement (COD).
In order to render objectivity to the damage model with respect
to the size of finite element mesh (when C° continuous finite el-
ements are used), c.f. (Bazant and Oh, 1983; Oliver, 1989), COD is
transformed into tensile fracture strain while incorporating it in to
the constitutive model, by smearing it over a certain 'crack band
width’ which is considered to be an internal characteristic length
denoted as I.. We note that I represents a material property of a
heterogeneous brittle/quasi-brittle material such as concrete that
governs the minimum width of a zone of strain-softening dam-
age in non-local continuum damage formulations (c.f. (Bazant and
Pijaudier-Cabot, 1989)). It is a part of constitutive framework de-
scribing damage evolution; its incorporation in the model implies
that there is a limit to the width of the localization zone prevent-
ing the damage from localizing to a zero volume. An estimate of I
was made experimentally by Bazant and Pijaudier-Cabot (1989) to
be ~2.7 X maximum-aggregate-size of concrete. Therefore, I is in-
terpreted as the damage zone size. However, in the context of fi-
nite element implementation, main problem caused by such strain
softening models is spurious mesh sensitivity. If the length-scale
parameter L (which is related to the finite element mesh size de-
noted by Ig, order of the elements, orientation of the localization
with respect to mesh boundaries, etc.) is not accounted for in the
finite element model, total energy dissipated during damage evo-
lution will depend on mesh density. One way is to make L equal
to I in areas of localized cracking. However, as noted by Bazant
(1986) making L equal to I is impractical for large structures as
Ic can be very small compared to structure dimensions. Therefore
instead of first identifying [. of a material and enforcing L=I, the
average stress-strain relation for the finite element is adjusted to
account for the mesh-size effect to ensure the same energy dissi-
pation, (i.e. the same fracture energy G{ for different element size
Ige). Subsequently, [ is interpreted as L during the implementation
(cf. (Lee and Fenves, 1998; Lubliner et al., 1989; Oliver, 1989; Voyi-
adjis et al., 2008)).
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A more sophisticated remedy to overcome the pathological
mesh dependence is by using a regularized integral type non-local
formulation in which the interaction between neighboring points
is also taken into account by weighted spatial averaging of the
damage ISVs, cf. (Pijaudier-Cabot and BaZant, 1987). This will be
addressed in a forthcoming paper, alongside details related to the
computational aspects - including integration algorithm and ro-
bustness - of the proposed model within the context of finite ele-
ment implementation.

Denoting the stress transmitted across the surfaces of the
fictitious crack (which represents the localized fracture zone)
as oy, and the COD with respect to the displacement at the peak
stress as u, the energy absorbed in the fracture zone during dam-
age evolution under uniaxial tension is described as follows,

I Y
Gy = / odu (32)
0

Eq. (32) also defines the fracture energy under mode-I cracking
denoted by G} which is a material property. uyis the crack rupture
opening with respect to the displacement at the peak stress when
crack is fully formed and the traction o, =0. Moreover, within the
context of the smeared-crack concept, the mapping between u and
tensile fracture strain represented by tensile damage ISV «* is
given as follows,

u=lkt (33)
Next, the function F* is given as follows
: 0 ifkP <1
+
Fr= {R(&ij)e'w ifkP =1 (34)

where factor R(6;;) is defined by Eq. (4), and the equivalent plastic
tensile strain rate £Pt = )'L||mk||, k=1, 2, 3, where (m;) are positive
principal components of the gradient of plastic potential defining
the flow direction (tensor mj, see Eq. (7;)). Note that during dam-
age evolution, K+ = F+,

Next, the cohesive law under tensile loading which describes
the post peak softening response is considered to follow the expo-
nential law given by,

0n = 64(1-D*) = Gy exp (‘%) (35)

where, o, is the peak stress and u; is the shape parameter control-
ling the slope of the softening curve. Parameter u; can be derived
by first substituting Eq. (33) in (30) and noting that us— oo for ex-
ponential law and &, is equal to f; under uniaxial tensile loading,
to obtain the following,

o0 u
Gl = / ex (——)du 36
p=fi ) exp (- (36)
Integrating and rearranging terms finally yields

GI

f
U = — 37
(=7 (37)

Next, substituting Eq. (33) in (35), and using Eq. (37) we finally
obtain the expression for D* as follows,

Dt =1 —exp <€5°K+> (38)
f

The brittle fracture energy concept used for the tensile case
is extended to the compressive stress states by accounting for
the fact that unlike in the tensile case, the number of nucle-
ated cracks which propagate and coalesce upon continued load-
ing are much higher under compressive loading. Past experimen-
tal observations (c.f. (Sfer et al., 2002)) have indicated that under
moderate confining pressures, mode of failure is characterized as

brittle propagation and coalescence of several distributed cracks
inclined along the most compressive stress direction, with well-
defined peak loads and smoothly descending post-peak stress-
strain curves. This results from extensive microcracking coalescing
into several macro-cracks along principal compressive stress direc-
tion. However, at high confinement, failure mode appears to be less
brittle as the peak load increases and the steepness of the post-
peak response decreases with an increase in the confining pres-
sure, indicating an increase in the effective compressive strength
and the ductility with increase in confinement (Sfer et al., 2002).
Considering these observations, the number of the fictitious co-
hesive cracks (N) constituting localized fracture zone under tri-
axial compression with moderate confinement, on one hand, is
considered to increase considerably with the increase in confining
stress. On the other hand, at higher level of confinement (beyond
brittle-to-ductile transition), N does not increase as rapidly with
increase in confinement. In this study, we formulate N as a func-
tion of confinement under compressive loading using wing-crack
micro-mechanics, which have been used numerous times in the
past to study the failure behavior of brittle and quasi-brittle ma-
terials due to microcracking under compression (c.f. (Ashby and
Sammis, 1990; Bhat et al., 2012; Deshpande and Evans, 2008; Horii
and Nemat-Nasser, 1986; Paliwal and Ramesh, 2008)). Local in-
homogeneities (including cavities, inclusions, regions in the vicin-
ity of the interface between mortar and aggregates, etc.) in brittle
and quasi-brittle materials e.g. rocks and concrete, serve as stress
concentrators which promote micro-cracking ((Horii and Nemat-
Nasser, 1986; Paliwal and Ramesh, 2008; Tapponnier and Brace,
1976)). Within this wing-crack framework, these stress concen-
trators are modeled as closed planar flaws embedded in elastic
medium; frictional sliding of these flaws under external compres-
sive loading give rise to local tensile stress field near the tips. Upon
continued loading, the wing cracks sprout from each tip, and fol-
low a path so as to maximize the mode-I stress intensity factor, K;
(for more details, refer to Bhat et al. (2012), Deshpande and Evans
(2008) and Paliwal and Ramesh (2008)). This event is character-
ized as a nucleation of wing-micro-cracks. The nucleation criteria
can be established by using the formulation described by Bhat et
al. (2012) and Deshpande and Evans (2008), modified to account
for triaxial compressive stress state, and is given as follows,
Kic 4

_ /4 1+p? .
Jma V3\V 2 P~

where p is the friction coefficient, and p_, £ and 6_ are func-
tions of stress invariants (see Eq. 13) of the negative (or compres-
sive) part of the effective stress tensor whose principal values are
given as (6; )_, where (x) _ =min (0, x) Eq. (39) can also be used
to describe the minimum flaw size (2ag) which is nucleated (i.e.
all cracks of size a > ag in that specimen will be nucleated) if the
specimen is subjected to a triaxial compressive stress state given
as follows,

n &
2v3 cosb_ (39)

(3/4m)KE

2
[1+p? = o E
< 2 ’O_+2s/§cosé>

Next, we consider that these flaws are uniformly distributed in
space but follow a certain size distribution given by a probability
distribution function g(a). Therefore, if total number of flaws in a
specimen is denoted by 7, and the maximum flaw size is 2amqax,
number of flaws of size a > ag is given as,

Nloq, = 1 f ™ g(@)da = (1 - G(ap)) (41)

where G(a) is the cumulative distribution function. Assuming g(a)
as one-parameter exponential distribution function, G(ag) is given

ap = (40)
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as,
G(ao) = 1 —exp (-Zi) (42)

where ap, is the mean flaw size. Substituting Eq. (40) in (42), and
using Eq. (41) we obtain,

N|aza0 EN(ﬁ—’é—’é—) ZUGXP - /3 ~ 2
1+p2 po w_o_ &
( 2 fc+2\/§fccosé)
(43)
Where,
3 KIZC
— (= 44
b= (ax) s (44)

Using Eq. (43), we can obtain number of fictitious cohesive
cracks at the peak stress under uniaxial compression as follows,

N(=f.0) = nexp | - p (45)

(]

We note that N also serves as a ductility factor which has been
used extensively in the past by several researchers while describing
damage evolution under compressive stress states (c.f. (Etse and
Willam, 1994; Folino and Etse, 2012; Grassl et al., 2013; Menétrey
et al., 1997; Pramono and Willam, 1989)). Under compressive load-
ing, decohesion accompanied by shear frictional sliding is pre-
cursor to nucleation of micro-cracks in the vicinity of numerous
stress-concentration regions (including inclusions, interface regions
between mortar, aggregates and other constituents). Therefore, the
function F~ which is used to define the compressive damage load-
ing function (see Eq. (8)) is considered to be a function of equiva-
lent plastic strain rate £P~, parameter R (see Eq. (4)) and the duc-
tility factor N, and is given as follows,

i 0 ifkP <1 (46)
= - ¢ p— :

(1-RE))tsy =1
where &P~ = Amp is the equivalent deviatoric plastic strain rate
and mp is defined as,

Mp = || Mij = My~

' (47)

During the damage evolution, x~ = F~. The damage law under
compressive loading which describes the post peak softening re-
sponse is defined as follows,

- K™ K-
D =1- (1 + Kc> exp <_Kc> (48)

where, «; is the shape parameter. Similar to the tensile damage,
compressive damage formulation can also be regularized as fol-
lows. First, analogous to Eq. (34), fracture energy under uniaxial
compression loading is defined as

G = [ oedu=fe [ (1-D")au (49)

where, o, is the equivalent stress under uniaxial compression
(which is the absolute value of the axial stress) and u is the equiv-
alent shear displacement with respect to its counterpart at the
peak stress. It is related to the equivalent plastic shear strain ac-
cumulated after the peak stress smeared over the length I., as

ut) =1 ft;eak[él’*]dt = ft‘pmk[lc(}»mp)]dt (time t=tyeq implies time

at the peak stress). During damage evolution, ¥~ = F~; using it
with Eq. (47) and noting that R=0, we obtain the following,

u=Ik"N(—f.,0) (50)

Note that the length scale I is accounted for in the revised def-
inition of D~ as follows,

D=1—(1+i>exp<—i)=1—<1+lcN(;CfC’O)K>

X exp (—lcN(_fc’O)ic> (51)

Uc

where N(—fc, 0) is given in Eq. (45), and parameter u. can be ob-
tained by substituting Eq. (517) in Eq. (49) and integrating as fol-
lows,

GC—f/°O<1+£)ex(E)du;w—i (52)
f - 0 uc p uC T 2fC

Finally, substituting Eq. (52) in Eq. (51), the regularized damage
law under compressive loading is obtained as follows,

D —1- (1 | 2edeN(—fe, 0>K> exp (_2fctcN(fc, 0>K>
Cr <

(53)

3. Calibration of model parameters

Apart from elastic properties characterized by Young’s modulus
(E) and Poisson’s ratio (v), other parameters used in this model
can be categorized into three groups - parameters characterizing
the evolution law of isotropic hardening ISV subsequently causing
the evolution of the yield surface toward the failure surface, plastic
potential defining the non-associative flow rule, and evolution laws
of tensile and compressive ISVs describing the damage growth. All
of these parameters can be determined using combinations of uni-
axial tension, uniaxial compression, equibiaxial compression, and
triaxial compression tests, which are discussed in this section.

Evolution law of hardening ISV «P incorporates a ductility
measure xp(£) which requires four independent parameters (see
Egs. (24)-(28)). These parameters can be determined by first com-
puting the norm of the plastic strain tensor defined as ||8£.|| =

/8585 at the peak axial stress level obtained from uniaxial ten-

sion, uniaxial compression and triaxial compression tests at low
and high confinement levels, and then calibrating both functions,
as described in Eq. (25), using these data points. Fig. 5 shows the
plot of both functions, parameters of which are obtained by cal-
ibrating unconfined and confined compression test data on high-
strength concrete (HSC) from Lu et al. (2007). In the absence of
uniaxial tension test data, plastic strain at the peak tensile stress is
considered to be 1 x 10~5. Finally, parameter go which is used in
the formulation of hardening function (see Eq. 30) and defined as
qo = f;—f where fc, is elastic limit stress under uniaxial compres-
sion, can be determined from uniaxial compression test. Its default
value is set as qg=0.3.

Next, the function defining the failure surface (see Eq. 18) re-
quires three parameters - f., f;andf,. They can be determined
from uniaxial compression, tension and equibiaxial compression
tests, respectively. If appropriate experimental data to determine
frand f}, is not available, they can be calibrated against f; as follows
- fr= {—6 and f, =116 f; c.f. (Grassl et al., 2013; Papanikolaou and
Kappos, 2007). Plastic potential function FP additionally requires
three parameters - A;, Bpand Gy (see Eqgs. (30) and (31)). In this
work, Ar and By are considered to be constants and Cy is considered
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Fig. 5. Plot of calibrated ductility measure xp vs. function Rp (see Eq. (28)) shown
in solid line. Scattered data points are values of xp (for various Rp) obtained from
triaxial compression experimental data on HSC reported by Lu et al. (2007).

to vary linearly with the hardening parameter q(«P) defined as
Cr=c1+c2q(kP). Experimental data from tension, and unconfined
and confined compression tests is used to determine these param-
eters as follows. First, experimental values of incremental axial and
lateral plastic strains are obtained as follows,

Ag(l]’ — Aga — A&a/E, Aslp = Ael — AO_'GU/E (54)

where subscripts a and [ refer to axial and lateral, respectively, and
the symbol A is used to indicates the incremental values. Next, the
incremental values of volumetric and deviatoric plastic strains are
computed using Eq. (54) which is subsequently used to obtain the
following relationship between & and aF? as follows,

0€
BFP Agq+2A¢ OFP
Ag? = Ak =T e AeP = Ad—
NG r 0p
JFP aFP\ Agf
A A —_— 55
\/7| 8Cl 8" g ( 8,0 ) ASg ( )

After computing partial derivatives of FP (see Egs. (30) and
(31)) and substituting in the equation above, we obtain the fol-
lowing equation for the gradient of the non-associative parameter
f(&,q(kP)) as follows,

d Re(§
9~ ayexp fB(f) D)

3p moF(cosé,e)Fc Aef  moI'(cosb.e)p
qz(Kp)fc NG Agh V6

dFC moé_ dFC m()tiz
<d€> Z(ﬁfc 1) (dé)f“ ﬁ} 56

Hence, once Aeg and Aeﬁ are determined from tensile and com-

pression tests (which correspond to a given stress state), values of
£, p, T'(cosh,e) are also known for each set of Asg, Asp Us-
ing them, q(«xP) is obtained such that F(&, 5,0, q(k?)) = 0, which
also give £,(q(kP?)) and &; (q(«P)). Using these values, F- and dFC

are also obtained. Hence, the right hand side (RHS) of Eq. (56) is
completely determined. Finally, optimized set of parameters - Ay,
Bf and C; are determined from values of RHS of Eq. (56). Note
that in case tension test data is not available, compression tests
under low, moderate and high confinement can also be used

to obtain these parameters. Also note that the Lode angle O is

2

Fig. 6. Plots of calibrated % VS. fi (see Eq. (53)) shown in solid lines. Scattered

data are obtained from triaxial compression experiments on HSC reported by Lu et
al. (2007).
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Fig. 7. Plot of calibrated N vs. the stress factor ® = ( 1*“ P+ zf COSO )? (see

Eq. (45)) shown in solid line. Scattered data points are values of N (for various
@) obtained from triaxial compression experiments on HSC reported by Lu et al.
(2007).

constant throughout each experiment needed to calibrate these
parameters. Fig. 6 shows plots of . vs. £ (as scattered plots) com-

puted from several triaxial compressmn experiments on HSC by Lu
et al. (2007) on HSC under low, moderate and high confinement,
and also shows plots of corresponding function calibrated using
Eq. (56) above (shown as solid lines).

Finally, the damage is a function of tensile and compressive
damage parameters D* and D—, respectively whose growth de-
pends on the evolution of corresponding ISVs - k* and « ~. The
tensile damage parameter D+ requires a shape parameter u; and
a characteristic internal length scale parameter [.. It is chosen to
be 100 mm in this work, cf. (Etse and Willam, 1994; Folino and
Etse, 2012; Grassl et al., 2013). u;, on the other hand, is deter-
mined from the fracture energy under mode-I cracking G!

using
Eq. (37). Next, the compressive damage parameter D~ r)equires
a ductility factor N(d;;), which is a function of », Band u, and
a shape parameter k.. These parameters are determined from
the softening part of the stress and strain curves obtained from
uniaxial and triaxial compression experiments. Note that D~ is a
function of product of n and «.; hence, unless the flaw density

characterizing the parameter 7 is known apriori, a composite pa-
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Table 1
List of parameters used for each example.
E(Gpa) v A By G Dp Ep Fp n B
Lu et al,, (2007) f. = 68.6 (Mpa) 33 0.14 10.03 1.05 13.47q - 19.53 —-0.075 0.245 0.0764 1383 0.716
Imran and Pantazopoulou (1996) f. = 47.4 (Mpa) 30 0.2 6.32 1.1 15.7q—19.7 —0.106 0.213 0.1086 8473 1.2
Canar and BaZzant. (2000) f. =45.7 (Mpa) 25 0.2 10.03 21 13.43q—22.53 -0.25 0.045 0.2512 8473 1.8
Kupfer et al., (1969) f. =32.8 (MPa) 32 0.2 14.5 1.5 2.86q — 16.36 —-0.09 0.25 0.0918 1993 0.92
Karsan and Jirsa (1969) f, =27.5 (MPa) 30 0.2 7.63 1.7 3.14q-12.8 —-0.09 0.2 0.0924 6315 1.25
E(Gpa) v A By G Ap Bp Cp GL(Jm2)
Gopalaratnam and Shah (1985) f. =34.1 (MPa) 317 0.2 11.32 1.7 3.14q-12.8 0.00237 -7.39 3x10°° 45.33

For all cases: qo = 0.3, ft =fc/10, fb = 1.16fc, = 0.6, k- = 10~*.

L5 2

2

Fig. 8. Direction of plastic strain vector obtained using non-associative flow rule (shown in solid lines) compared with the direction of the gradient of the yield surface
(shown in dashed lines) for (a) uniaxial and equibiaxial compression loading, and (b) triaxial compression loading under low and high confinement.

rameter 1’ = nk; is calibrated from these tests. Also note that the
friction coefficient in such quasi-brittle materials including rocks
is difficult to measure using standard laboratory tests, and is typ-
ically considered to be closer to 0.6, c.f. (Ashby and Sammis, 1990;
Bhat et al., 2012; Kachanov, 1982; Paliwal and Ramesh, 2008).
In order to calibrate n'and 8, N'(6;j) = N(6;j)k¢ is first obtained
from the softening part of stress-strain curves; n’and B are then
determined by calibrating the values using Eq. (41). Fig. 7 shows
scattered plot of N as a function of stress-factor denoted by
1442 po £
b= ( +2H % Zﬂiﬁ fccisé_
triaxial compression experimental data reported by Lu et al.
(2007); alongside is the fitted plot obtained by using the function
given in Eq. (43).

Using the above calibration procedure, the gradient directions
of the yield (shown as dashed lines) and of the plastic poten-
tial surfaces (shown as solid lines) at various hardening levels in
the Rendulic plane are shown in Fig. 8 depicting non-associative
characteristics of the plastic flow. Fig. 8(a) describes the scenario
for uniaxial and equibiaxial compression loading, and Fig. 8(b) de-
scribes it for triaxial compression loading under low- and high
confinement. As can be inferred from the plots, the hydrostatic
component of the plastic strain vector (gradient direction of plas-
tic potential) is less inclined toward the positive hydrostatic axis
compared with the hydrostatic component of the gradient direc-
tion of the yield surface, suggesting slower accumulation of the
plastic volumetric strains. This also suggest that an associated flow
rule would result in an overestimation of the plastic dilatancy of
this high strength concrete.

)2for £ =06 and k7 =10"* using

4. Model comparison with experimental results

In this section, we describe several numerical examples under
different loading conditions using the proposed model on both
normal and high strength concrete. Model results are compared
with experimental data reported in the literature, as well as with

o)
S \
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= 207 . Test data by Kupfer 7
E et al. (1969)
® 0,=0;=0
0,=0
-10+¢ Present model ¢ Uj - 01
= = = = Grassl et al.
(2013) * 0,=0.50,
& | 4> %79
0 | | * i I
6 4 2 0 2 -4 -6

Strain (X 1073)

Fig. 9. Plots of axial stress (o1) vs. axial and lateral strain (&; and &,, respectively)
under uniaxial and biaxial stress states obtained by using present model and using
model by Grassl et al. (2013) compared with the experimental results by Kupfer et
al. (1969).

other model predictions proposed more recently. Table 1 lists all
parameters used for each example.

First, the model results are compared with uniaxial and biaxial
compression experimental results by Kupfer et al. (1969), alongside
the response predicted by Grassl et al. (2013) as shown by solid
and dashed lines, respectively in Fig. 9. Next, the model predic-
tions are compared with results from triaxial compression exper-
iments conducted by Imran and Pantazopoulou (1996) where the
lateral confinement was varied from 0 to 43.2 MPa, and also com-
pared with corresponding model response by Grassl et al. (2013).
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Fig. 10. Plots of (a) axial stress (o1) vs. axial and lateral strain (¢; and &,, respectively), and (b) axial stress (o1) vs. volumetric strain (¢y) under triaxial compressive stress
states obtained by using present model and using model by Grassl et al. (2013) compared with the experimental results by Imran and Pantazopoulou (1996).
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Fig. 11. Plots of (a) axial stress (o;) vs. axial and lateral strain (¢, and ¢;, respectively), and (b) axial stress (o1) vs. volumetric strain (¢y) under triaxial compressive stress
states obtained by using present model and using model by Folino and Etse. (2012) compared with the experimental results on HSC by Lu et al. (2007).

Fig. 10(a) and (b) show the plots of axial stress vs. axial and lat-
eral strain and axial stress vs. volumetric strain, respectively under
varying confinement levels.

Fig. 11(a) and (b) show model results in the form of both,
axial stress vs. axial and lateral strain and axial stress vs. volu-
metric strain, compared with another triaxial compression exper-
imental results on high-strength concrete as reported by Lu et al.
(2007) under various confinement levels ranging from 0 to 82% of
its uniaxial compressive strength. Results, shown in solid lines, are
also compared with the prediction of a model proposed recently
by Folino and Etse (2012) as shown by dashed lines in the figure.
Next, in Fig. 12(a) and (b), model results are compared with exper-
imental results reported by Caner and BaZant (2000) on concrete
subjected to triaxial compression under very high lateral confine-
ment (as high as ~900% of f.), and subjected to pure hydrostatic
compression. They are also compared with previous model predic-
tions by Grassl et al. (2013).

As is quite apparent from all these results, predictions of pro-
posed model are in very good agreement with the experimental
results on concrete undergoing biaxial and triaxial compression
during both, pre-peak hardening and post peak softening stages
under low, moderate and high confinement range. It is also noted
that model predicts the axial stress vs. volumetric strain during
triaxial compression loading particularly well under both low and
high confinement compared with previous model predictions.

Model results were also compared with the cyclic uniaxial ten-
sile and compressive loading-unloading and reloading experimen-
tal data as reported by Gopalaratnam and Shah (1985) and by
Karsan and Jirsa (1969), respectively. As shown in Fig. 13(a) and
(b), model response agrees quite well with the experimental re-
sults, and satisfactorily reproduces the experimentally observed
post peak softening behavior along with stiffness degradation and
irreversible (residual) strains upon unloading.

Finally, we illustrate the model response under two loading
cases - biaxial tension-shear loading describing the shear behav-
ior of the cracked material, and cyclic tension-compression loading.
The results for the first case are shown in Fig. 14 in which both the
tensile and the shear stress (denoted by 6¢; and o1;, respectively)
normalized by f. are plotted as a function of the sum of the ax-
ial and the shear strain (denoted by &1 and &5, respectively). This
case simulates the scenario in which a specimen is subjected to
uniaxial tension and later subjected to shear under constant strain
rate. The solid-blue curve shown in Fig. 14 represent the tensile
stress as a function of strain. This plot shows that upon tensile
loading (from point a to point c¢), 61; increases and reaches the
peak (point b) and then it starts to decrease, and thereby the ten-
sile damage is induced in the specimen. Note that Both &1, and 61,
are zero during this time as shown by the dashed-red plot between
points a and c. After the loading state at point c¢ (see the shaded
region in Fig. 14), the tensile strain is held fixed and the speci-
men is subjected to shear loading. Fig. 14 shows that upon shear
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Fig. 12. Plots of (a) axial stress (o'1) vs. axial strain (&), and (b) hydrostatic stress (oy) vs. volumetric strain (ey) under triaxial compressive stress states obtained by using
present model and using model by Grassl et al. (2013) compared with the experimental results by Caner and Bazant (2000).
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Fig. 13. Plots of axial stress (o01) vs. axial strain under (a) cyclic uniaxial tensile, and (b) cyclic uniaxial compressive loading, obtained by using present model compared
with experimental results by (a) Gopalaratnam and Shah (1985), and (b) Karsan and Hirsa (1969).
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Fig. 14. Model response under biaxial tension-shear loading describing the shear
behavior of the cracked material (shaded region depicts the response as a result of
shearing after tensile loading).

loading, 641 continues to decrease toward zero, while &1, begins to
increase, reaches the peak level (represented by point d) and then
decreases toward zero.

Results for the second loading case are shown in Fig. 15 in
which the axial stress, o;, normalized by f. is plotted against
the axial strain, &; for three values of sy (the parameter which
influences the stiffness recovery factor s(d;;); see Eq. (3) and (4)).
This case simulates the scenario in which the specimen is first sub-
jected to uniaxial tension which results in the increase in &4 till it
reaches the tensile strength (loading state from points a to point
b as shown in Fig. 15). Upon continued loading, o; decreases and
at point ¢, the unloading is initiated by reversing the direction of
strain rate to negative. Note that due to the tensile damage evo-
lution (from point b to point c), the value of the unloading slope,
which denotes the unloading stiffness denoted by E*, is less than
the elastic stiffness of the undamaged material which is the effec-
tive elastic stiffness denoted by E. Specimen is fully unloaded at
point d (see the inset on the right in Fig. 15), after which com-
pression is initiated. It is apparent from Fig. 15 that as the loading
changed from tension to compression, specimen experienced the
stiffness reduction degree which depends on parameter sy (also
see Eq. (3)). Fig. 15 shows that for so=1 and sy =0, there is no stiff-
ness recovery, ie. E- =E* (see the plot in solid-red line) and full
stiffness recovery i.e. E~ = E (see the plot in dashed-black line), re-
spectively, where E~ is the elastic stiffness under compression. Fi-
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Fig. 16. Model response under cyclic tension-compression loading in which the lateral stresses are kept constant at %

nally, for so=0.5, Et* <E~ <E (see the plot in dotted-blue line).
Upon continued loading, the compressive stress increases linearly
with the axial strain, till it reaches the compressive strength (see
point e in the plot), after which plasticity under compression com-
mences. It subsequently results in softening, and upon continued
loading, the compressive stress decreases and at point f the un-
loading is initiated (by again reversing the direction of strain rate
to positive). The specimen is eventually completely unloaded (see
point g) and subsequently, tension is initiated. Note that s=1 un-
der tension (see Eq. (4)), therefore the stiffness under tension upon
load reversal (from compression-to-tension in the second cycle) is
identical irrespective of sg. Upon continued loading under tension,
stress increases linearly with strain until the tensile strength is
reached (see point h), after which softening commences and stress
decreases toward zero. Note that as lateral stresses are zero in
this case, s changes by a jump from 1 to s; when the stress state
changes from uniaxial tension to uniaxial compression (see the in-
set in Fig. 15).

Fig. 16 presents a similar cyclic tension-compression loading
case in which the lateral stresses are non-zero and are kept con-
stant at %. This allows s to vary continuously during the tran-
sition at point d (see the inset on the right in Fig. 16). In this
case, the value of R (see Eq. (4)) changes continuously from 1 (at
d) to ﬁ as the axial stress turns compressive (where o

1 2%:c
represents tﬁe effective axial compressive stress value after the
transition at d). Due to this continuous change in R, parameter

s changes from 1 to sg+ (1 *So)ﬁ (at d) and the slope of
+ 2%c
T

the stress-strain curve varies continuousiy as the axial stress turns
compressive. Note that for sy < 1, slopes of the stress-strain curves
are higher suggesting higher elastic-stiffness in the compression-
region compared with the tension-region (see the inset on the
right in Fig. 16). Also note that at point g (see the inset on the
left in Fig. 16 for details), R continuously increase to 1 and con-
sequently s continuously changes from sy+(1—sg)R to 1 as axial
stress changes from compression to tension, respectively. There-
fore, similar to the uniaxial case in Fig. 15, all three plots coincide
and are linear in the tension-region.

Finally, Fig. 17 presents a similar cyclic tension-compression
loading case in which the lateral stresses are non-zero and are kept
constant at —%. In this case, D=1-(1-sD")(1-D") where

both D and D~ are non-zero betw_ee‘n b and d. R is constant be-
9 %Atlh

tween b and c and is equal to 7({;[% where 0y |, is the peak
142 %4Lh
I
tensile stress at b. Therefore parameter s is also constant between
%atlp
b and c and is equal to sg + (1 — 50)7:%‘“[); unlike previous cases,
142 %4h
Je

the overall damage evolution between b and ¢ becomes a function
of parameter sy (D becomes an increasing function of sg). This is
demonstrated in the inset on the top-right of Fig. 17 which shows
the details of tensile softening curves dependence on parameter sg.



B. Paliwal et al./ International Journal of Solids and Structures 108 (2017) 186-202 199

008~ <

Strain (X 1073) ’ Y ol 02

Fig. 17. Model response under cyclic tension-compression loading in which the lateral stresses are kept constant at —ﬁ

2 Ot

Next, R changes continuously from 7@% to 0 (at d) as ax-
1+2-£L

t
ial stress turns compressive (g, is the effective axial tensile
stress value before the transition at d). Consequently, parameter
Sar
s changes continuously from sg + (1 —sg) ngt
1+2 4L
i

to sop at d and

the slope of the stress strain curve varies contiﬁuously as the ax-
ial stress turns compressive (see the inset on the bottom-right in
Fig. 17). Note that the stress-strain curves in the compression re-
gion (after d) are linear with different slopes (depending on value
of sg) and for sy < 1, their slopes are higher suggesting higher stiff-
ness in the compression-region compared with the tension-region
(see square-connected yellow guide-line in the inset). Also note
that at g (see the inset on the left in Fig. 17 for details), R contin-
uously increase from O and consequently s continuously changes
from sg to sg+ (1 —sp)R as axial stress changes from compression
to tension, respectively. Therefore, for so < 1, the stress-strain plots
are non-linear with lower slopes in the tension-region compared
with the compression-region at g.

5. Summary

A new model for cementitious materials based on flow the-
ory of plasticity and continuum damage mechanics is developed
which excellently addresses major characteristics of their inelas-
tic behavior e.g. confinement sensitive hardening and strain soft-
ening, pre- and post-peak volumetric behavior including post-peak
dilatancy, stiffness degradation, brittle-ductile transition, and limi-
tation of hardening in hydrostatic compression. Compared with re-
cently reported models, the present model responses are in much
better agreement with experimental results on different concretes
subjected to various loading conditions including triaxial compres-
sion under low and high confinement.

Acknowledgments

This work was performed under the auspices of the Center for
Advanced Vehicular Systems (CAVS) at Mississippi State Univer-
sity and sponsored by the Engineering Research & Development
Center under Cooperative Agreement number W912HZ-15-2-0004.
The views and conclusions contained herein are those of the au-
thors and should not be interpreted as necessarily representing
the official policies or endorsements, either expressed or implied,
of the Engineering Research & Development Center or the U.S.
Government.

Appendix A

After time-differentiating Eq. (11) and using Eqs. (2) and (12),
we obtain

dij = (1 - D)6'1] — Dd'u = (1 — D)Cjklgkl

+6,~,~[(1 —SD+)<—3KD_"‘_> +(1 _D_)<_SSI<D:"(+)
+ (1 —D_) <—D+ ag_s O_'mn>i| (A1)

During damage evolution, from Eq. (9) we have = = F*, Using
Egs. (34) and (46) and substituting them in Eq. (A1), we further
obtain the following relationship

dij = (1 ) Uklgkl

+ cr,][(l —sD+)<—3H(KP 1A - )

N(o)

L (1-D )( 5O He? ~ 1)AR@) m >||)

_ 0s -
+ (1-D )( —-D* Bamnam"):| (A2)

See Eq. (34) and Egs. (46, 47) for the definitions of mp and
|[{m;)|| (where r=1, 2, 3), respectively. Function H(x) in Eq. (A2) is
the Heaviside step function which is equal to 1 if x > 0 and is
equal to 0 otherwise. R(6) and N(¢) are given in Egs. (4) and
(43), respectively. Values of 227 and 2= are obtained from
Egs. (38) and (53), respectively and are given as follows

D" _ fle o (_fie,. ). D" _ (20N 0) ZK_
oK+ G} G’ C k- G5

Xexp( 2fleN(—fe. 0) ) (A3)

GC

Let 64 (A=1, 2, 3) represent the principal values of the stress
(6y;) tensor and the principal directions are denoted by nlfA), i=
1, 2, 3. Using spectral decomposition and using Eqgs. (4) and
(5) along with few algebraic manipulations we obtain the follow-
ing

23: (A) (A)

A=1

a S LIS A4
_so)za—&Ani n; (A4)
A=1

O’,]
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where,

dR H(Ga)

IR _  (2H(Ga) = 1) Y3, [H(53)G3]
904 Y31 [2H(G3)G5 — 6]

(X5-1 [2H(G5)5 — 53])2
(A5)

Next, using Eq. (11) for A and substituting them in Eq. (A2), we
finally obtain the following

gij = (1- D)Cﬂdekl

B} D
+ Uij|:{(1—SD+)< H(K”—l)(l—R(U))N( )>
8D _ 1 OF
+(1-D )( l)R(G)mr)}wao—_pquqkl

_ as ep | ep -
+(1-D )<_D+ 3G )Cmnkl]sk’ = Cjuu
Therefore, effective elastoplastic tangent modulus ij’,’( )

obtained as

G = (1- D)ij‘,’d

+ 6,-1[{(1 —sD+)< oD _H(Kp ~1Ha —R(o))N(G))

oD 1 OF
+ (1-D" )( sH(KP—r)R(a)mr>}mequ,

is finally

+(1-D7) (—D+ 82;1)(?55”"} (A6)

aD+ aD- : ; ds
where 47 and §2 are given in Eq. (A3), and Tour

Eq. (A4). .

is given in

Appendix B
B.1. Determining £,(q(«P))

The point where the yield surface, for a given hardening param-
eter q(kP) (subsequently referred as q), intersect the negative & -
axis is given by the stress coordinate (S_O(q), 0) (subsequently re-
ferred as (£p,0) from here onwards). It satisfies the yield function
equation given by Eq. (23) This results in a quartic equation in 50
which reads,

- 4 -
(1_q)2(f§0f> +moq2(f§°f>—q2=o (B1)

Eq. (B1) has four roots. As its discriminant is less than zero,
two of the roots imaginary and complex conjugate to each other;
the third and the fourth roots are positive and negative real num-
bers, respectively. In order to determine them, we define the fol-
lowing,

4 9mgq?
do = (1 —q)? dy=mdq*(1-q)% dy= ——
0 351( q) 1 00 (1-9q) 2 30 —q)
0 <d1+,/d{—4dg)3

- 2

1 do
*=3d-g) 3<Q+ Q)
&

p = 452 - 22

d
__AQ2 2.
p1 = —48° + = S

S (B2)

Four roots of Eq. (B1) are given as,

- 1 - 1

501 :_5_5\/?; SOZZ_S‘FE\/E

- 1 - 1

&, = —5—5«/17§ &, =-S5+ i«/ITZ (B3)
as py > 0, roots &, and &, are real, and as p, < 0, roots

503 and é;‘o are imaginary. Finally, abscissa &, of the stress point
(&, 0) intersecting negative & - axis is given as,

fo = febo, (B4)
B.2. Determining “;‘_1 (q(kP))

The point (é;:l (q(xP)),1) on the cap function Fc given by
Eq. (21) is the transition point such that V £ > £ (qkP))
F-(£,&(q(xP))) = 1. In order to determine & (q(xP)), we first de-
termine the stress coordinate which is the maxima of the yield sur-
face given by Eq. (23) (q(kP) is subsequently referred as q and, as
5_1 (q(kP)) as 5_1 Let this point be referred as (E_max, Pmax). Differ-

entiating Eq. (23) and noting that ¢ 74 |($mﬂx ) = =0, we obtain,
prax | Eno ', [35
2 -l _ q max + max + \/7 max
[( (G i) 3%
[)max émax 2
x [2(1-¢q) + +mpq =0 (B5)
2a-0( G+ 5o
Pmax Emux H H :
let z = N + NET which implies

3 ﬁmax moqz
(l—q)z3+(\/; 3 >z+4(]_q)=0 (B6)

Eq. (B6) is a cubic equation in z. Next, we define the following
variables

S
Ag=-3(1- q)f2 p}““;
c

Note that Ag < 0 and A; > 0. As the discriminant of the equa-
tion (Eq. (B6)) is less than zero, it only has one real root denoted
as zg given by,

1 Ao Pmax  Emax
ZO:_3(1—q)<P+P):\/€fC+\/§fC (BS)

= o1 - ) (87)

/ 3
where P :3 w is approximated as P =3/A; for simplifi-
cation. We note that this simplification would result in the deter-
mination the stress point (§max, Pmax) Which is very close to the
true maxima of the yield surface given by Eq. (23). From Eq. (B8),
we obtain the following relation between g’max and Pmax,

e e () s

Substituting Eq. (B9) in the yield surface Eq. (23) we obtain a
quartic equation in % given as

- 4 _ 3 - 2 - 2
Pmax Pmax Pmax Pmax
A B D Ei =
1(ﬂ)*<ﬂ>*“(n)*(ﬁ)*‘°

where,

9(1-¢9* , [30-q . 1
M= sy Gy

(B9)
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1 2 P o v3 T(cosf.e)—1
D; = +moq*| — - —=—— |
3(1-9) PV2 V3
2
_ p4 . moq*P g (B10)
81(1-¢q)* 3(1-9)
To solve for pmax, we further define the following variables,
(841G — 3B2) (B — 4A1B1C; + 8AID,)
r = 78A% ;o = 8A§ ;

r3 =C? —3BiD; + 12A1Ey; 14
2C3 — 9B1C;D; + 27A1D? + 27B2E; — 72A:CiE;

(r”V 4r3) % 1\/ 2 1<sl+sl>

i s S BN VAR T 7T
(B11)
Finally, pmax is given as,
By 1 T
Prax = fc[ A, —S2+ 5 —4s2 — 21y + Sz:| (B12)

We note that the transition point on the cap function F is given
as (§1 (q(x?)), 1), and corresponding transition point on the yield
function Fis (£1(q(kP)), p1(q(xP))). The ordinate p;(q(kP)) of the
transition point on the yield surface F, is considered to be less than
Pmax and is given as,

(B13)

Once pq is known,

P1=0Ppmax; 0 <o <1
; ; _ 2
In this wo_rk, we considered o = T ostd)"
the abscissa &; can be determined from the parabolic function for
the loading surface F; (Eq. (16)) as follows

V3

moq?

moq?T(cosB,e) 3 _
feq? - ( )p - 5+t (B14)

f1= J6 2f;

Appendix C. Gradient of F and F?

The first derivatives of £, 5 and @ with respect to the stress
tensor &;; are determined first which are used subsequently to
evaluate the gradient of yield function F and plastic potential FP.
Using Eq. (15), we obtain the following,

9 1 3L 9p  1dp 096 30 3 30 3
36, /300, 06, pddy; 06y ), 06y s 00y
(€1)

where,

90 _ 33 99 ¥3 1 (2)
3 4sin(30) /B a5  2sin(30) /B

and,

;T{:j = 0jj; %-jj = S§ij = Gij — %&j; 88%'3,-}- = SikSkj — %]_25:'1' (C3)

Next, gradient of F and FP are given as follows,

dF OF 06 OF 9p  OF 06

36; U 9 dGy  0pday; | 9g 00y

OFP dFP 0 dFP dp  OFP 06

86, = ™I HE afij 95 ac'i;- 36 96, (€4)

The derivatives of £, 5 and § with respect to the stress ten-
sor g;; used in Eq. (B4) are determined from Egs. (C1)-(C3); using

Egs. (21), (22), (32) and (33), derivatives of F and FP with respect
to these stress invariants are evaluated as follows,

aF N 1% é 3FC
el sl
OFF _OF (kM) |, Ry (§)

YT A e (C6)

where parameters A, By, and Cj, and function R f(é_ ) are described
in Eq. (32) and (33). %ig is given as follows,

e 11 §-6@ED) yg qury) —€) ()

06 R | (Gqwr)) - & akr)))

where H(x; —x) is a Heaviside step function such that H(x;
for x; > x and=0 otherwise. ;

Next, derivatives of F and FP with respect to ¢ and 6 are given
as follows,

—-x)=1

dF  OFP p moqz(KP)F(cosé,e)

o3P K
B omT NI ¢ (8
OF 9FP . p : 8F(cos«9_,e)
R A T AT
where,
9T (cosd. ) B 1

90 2(1-¢2) C05é+(26’—1)\/4(1—62)C052é+562—4€

—8(1—e?) cosfsinf + (4(1 — e?)cos?6 + (2e — 1)%)
_ _ e2 Jsinf
2(1-&)sind + 4(2e — 1)(1 - €?) cos¥ sind ()

\/4(1 - ez)coszé + 562 — 4e
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