
Loci: A Deductive Framework forGraph-Based Algorithms ?Edward A. LukeNSF Engineering Research CenterMississippi State UniversityBox 9627, Mississippi State, MS 39762, USAlush@erc.msstate.eduAbstract. Modern computational 
uid dynamics (CFD) software iscomplex. Often CFD simulations require complex geometries, 
exibleboundary conditions, multiple integrated computational models (for ex-ample, heat conduction, structural deformations, gas dynamics, etc.), aswell as grid adaptation. As a result of this complexity, the correct imple-mentation of numerical simulation components is actually less challeng-ing than guaranteeing the correct coordination of complex componentinteractions. If one is to consider the development of CFD applicationsthat reliably incorporate a broad selection of numerical models, thenone must consider technologies that simplify, automate, and validate thenumerical model coordination mechanisms. The Loci system presentedhere addresses these issues by introducing a deductive framework for thecoordination of numerical value classes constructed in C++.1 IntroductionRecent developments in object-oriented numerics can roughly be classi�ed intotwo broad branches: 1) the development of 
exible high performance value classessuch as MTL[1], Blitz++[2], and POOMA II [3], and 2) the development of ap-plication level frameworks or toolkits such as PetSc [4], and LPARX [5]. Highperformance value classes have signi�cant reuse potential since their abstractionsare generally built from well known and often used mathematical constructionssuch as vectors, matrices, tensors, and so on. On the other hand, applicationtoolkits tend to be more specialized (for example, LPARX attacks AMR algo-rithms, while PetSc tends to be Krylov subspace centric). These two approachesare addressing fundamentally di�erent problems: value classes reduce complexityassociated with representing the mathematical structure (equations) of applica-tion components while application toolkits reduce complexity of integrating adiverse set of loosely related components.The Loci1 system is an application framework that seeks to reduce the com-plexity of assembling large-scale �nite-di�erence or �nite-element applications,? This work was partially supported by NSF Cooperative agreement number ECD-89070701 The name Loci is derived from the framework's ability to compute the locus of application com-ponent speci�cations.



2 Edward A. Lukealthough it could be applied to many algorithms that are described with respectto a connectivity network or graph. The design of the Loci system recognizesthat a signi�cant portion of the complexity and bugs associated with developinglarge scale computational �eld simulations is derived from errors in control anddata movement. In other words, a signi�cant number of errors in these applica-tions are caused by incorrect looping structures, improper calling sequences, orincorrect data transfers. Many of these problems are subtle and result from grad-ual evolution of the application over time giving rise to inconsistencies betweenvarious application components. The Loci framework addresses these problemsby automatically generating the control and data movement operations of an ap-plication from component speci�cations while guaranteeing a level of consistencybetween components. The approach taken is similar to Strand [6] except that itincludes semantics of unstructured mesh computations in rule speci�cations.2 The Loci Data ModelIn the Loci system, computational graphs are represented by collections of enti-ties and collections of maps or connectivity lists. Entities represent sites wherecomputations may occur in the graph. For example, the entities in a �nite-volumecalculation may represent faces, cells, and nodes of the mesh. Maps may connectfaces to their left and right cells, or cells to their nodes, and so forth. Values arebound to entities via the store construct which provides an injective mappingfrom entities to values. The parameter construct provides a singleton interfaceto value where a set of entities is mapped to a single value. Relationships be-tween entities are provided by the map construct. The map construct can becomposed with the store construct to provide an abstraction of indirection. Theconstraint construct, used to constrain computations to some subset of entities,provides an identity mapping over a given subset of entities. These constructsare illustrated in �gure 1.
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Fig. 1. Four Basic Database ConstructsThese basic constructs are used to formulate a database of facts that de-scribe the problem. Each fact provides information about some subset of en-tities, such as positions of nodes, or maps relating cells to nodes. Each ofthese facts is given an identi�er that consists of a name, an iteration label,



Lecture Notes in Computer Science 3and an iteration o�set. The iteration label corresponds to the nested iterationlevels of a loop as in �gure 2. Iteration labels form a partial order that isgrounded at the stationary (constant)iteration level. Iteration o�sets providea means of accessing information at aprevious iteration. The general form ofa fact identi�er is �f� + �g where �is the name, � is the iteration identi-�er and � is the iteration o�set. For ex-ample, pressurefn-1g represents theidenti�er for pressure at the previousiteration of iterator n.
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Fig. 2: Nested Iterations as a HierarchyThe \->" operator is used to represent the application of a map in the accessof values. Thus the indirection typically encountered in unstructured calculationscan be encoded: accessing the value for the left side of a face identi�ed by entity fmay be coded using C arrays as value[left[f]], whereas in Loci this access ofvalue through the mapping left is written as left->value. Figure 3 illustratesthe aggregate perspective of the indirection operation represented by the \->"operator.
map "m" store "v" accessor "m->v"

composeFig. 3. An Illustration of the Mapping Operation `m->v'3 Rule Speci�cationsIn addition to a database of facts that includes the problem speci�cation, adatabase of rules describes transformations that can be used to introduce newfacts into the database. These rules correspond to fundamental computationsinvolved in solution algorithms such as rules for evaluating areas of faces, orfor solving equations of state. These rules are speci�ed using text strings calledrule signatures that describe the input stores, parameters, and maps required toperform a computation and the list of stores or parameters that it generates. Rulesignatures are of the form head <- body where head consists of a list of variablesthat are generated by the application of the rule, while the body contains a list ofvariables that are accessed while performing the computation. For example, therule signature p<-rho, T, R represents that a value for pressure (p) is providedwhen values for density (rho), temperature (T), and gas constant (R) are present.A rule signature may also contain the mapping operator \->" to representthe use of indirection in a computation. For example, the rule signature of a



4 Edward A. Lukecomputation that generates areas of faces utilizing positions of related nodes maybe given as area<-face2nodes->position, where \face2nodes" is a mappingthat connects faces to their de�ning nodes. Note that this rule may represent acalculation for a single face or for all of the faces in the mesh. It states that forall entities that satisfy all the properties given in the body, a computation canbe performed to produce a value given in the head.There are several classes of computations that are encountered in a typicalunstructured grid computation. This section will identify the semantics of thesecomputation rule classes.3.1 Rule ConstraintsAny rule that is speci�ed can be constrained to only compute values for somesubset of entities. For example, if one wanted to specify the value of variable u atnodes where the Dirichlet boundary condition are applied, this might be speci�edby the rule signature: u<-CONSTRAINT(Dirichlet). In addition to constrainingrule applications, constraints also provide assertion semantics: a constraint im-plies that a rule must provide values for every entity in the constraint. In manycases this can be used to automatically detect inconsistencies caused by incom-plete speci�cations. In addition, Loci identi�es over-speci�cation by requiringthat each entity may have only one given value. Thus, if a boundary conditionis applied to an interior node of the domain, then an error would result causedby a con
ict between the boundary condition and stencil speci�cations.3.2 Point-wise RulesThe most common rule in �nite-di�erence or �nite-element applications is thepoint-wise rule. The point-wise rule represents an entity by entity computation ofvalues that are placed in the stores listed in its head. The computation speci�edin the rule is referentially transparent and local. The semantics of the point-wiserule application requires that an output variable can only de�ne one value perentity. This is a variation of the single assignment semantic. If an ambiguousspeci�cation produces two rules that compute values for the same entity, it is
agged as an error during scheduling. Recursion is allowed in point-wise rules,provided that the single value per entity rule is not violated. Thus, recursion inpoint-wise rules is bounded to the number of entities in the simulation mesh. Anexample of a symmetric Gauss-Seidel method implemented through point-wiserule recursion will be illustrated in section 6.2.3.3 Reduction RulesThe Bird-Meertens formalism[7] provides a means of describing what are other-wise known as reduction operations2. In this abstraction, a reduction is described2 These reduction operations may be computations of global simulation parameters such as themaximum stable time-step, or of local accumulations such as summing mass contributions fromcells to nodes.



Lecture Notes in Computer Science 5by a function composed of three components: a function that is applied to a setof values, an associative and commutative operator � that is de�ned on the typereturned by the above mentioned function, and an identity element of operator�, e. Thus a reduction, r, over values, fviji 2 [1; N ]g, using function f andoperator � is de�ned asr = f(v1)� f(v2)� � � � � f(vi)� � � � � f(vN ): (1)When the reduction is evaluated using a left or right precedence rule, then asequential evaluation is derived; however, the associative property of � allowsfor di�erent parallel evaluation orders. For example, the set of values can bepartitioned into subsets that can be evaluated concurrently as inr = fe� f(v1)� f(v2) � � � � f(vp)g � fe� f(vp+1)� � � � � f(vN )g: (2)Note that the addition of the identity element, e, is used to indicate the re-quirement for the initialization of value on each processor: all reductions beginwith the identity element. Parallel partitioning of reduction operations can beexpressed when given three basic computational methods identi�ed as unit, ap-ply, and join as listed in table 1. The unit rule initializes a reduction variableto the identity element, the apply rule \accumulates" results of a function ap-plication to a set of values, and the join operation \accumulates" the partialresults. The algorithm for partitioning this reduction operation among parallelprocessors is accomplished by creating a copy of the reduction variable on eachprocessor participating in the reduction. Each reduction variable is initializedto the identity, and then followed by the application of all apply rules that arein that processor's partition. Finally the partial results for each processor arereduced to the �nal result using join operations.Table 1. Reduction Speci�cation in LociRule Type Function Rule SignatureUnit Rule r0i = e r CONSTRAINT (v); UNIT (e)Apply Rule rj+1i = rji � f(vi) r r; v; APPLY (�)Join Op rm+ni = rmi � rni Derived (No signature)3.4 Iteration RulesIteration is de�ned by way of three types of rule speci�cations: build rules thatconstruct the iteration, advance rules that advance the iteration, and collapserules that terminate the iteration. This speci�cation follows an analogy to theinductive proof in that build rules are analogous to an inductive base whileadvance rules are analogous to an inductive hypothesis.For example, an iteration where a variable named q is iterated to a convergedsolution may be described by the following three rules: 1) a build rule of the form



6 Edward A. Lukeqfn=0g<-ic, 2) an advance rule similar to qfn+1g<-qfng,dqfng, and 3) an it-eration collapse rule solution<-qfng,CONDITION(convergedfng). Iteration inthis example proceeds by initializing the �rst iteration, qfn=0g, using the buildrule. Next, termination of iteration is then checked by computing converged,if the test succeeds then the collapse rule terminates the iteration. Finally theiteration advances in time by the repeated application of the advance rule whichcomputes values for q for the next iteration (fn+1g) given current iteration valuesat time level fng. Note that the completion of these rules may require invok-ing other rules speci�ed in the rule database. In this case, rules that computeconvergedfng and dqfng will also need to be scheduled.To support iteration, variables that exist in lower levels of the iteration hi-erarchy are automatically promoted up the iteration hierarchy. Thus a variablethat is computed in iteration fng is communicated to iteration fn,itg auto-matically. In addition, rules that are speci�ed completely at the stationary levelwill be promoted to any level of the hierarchy. This allows for the speci�ca-tion of relations that are iteration independent (for example, p = � ~RT impliespn = �n ~RnTn).4 SchedulingIn Loci, the mesh, boundary conditions, initial conditions, and other modelinginformation is stored in a database of facts using stores, parameters, maps andconstraints. The application provides a set of rules that may be used to solvethe given problem. Given these databases, an application is formed by searchingfor a goal speci�ed by the user. This basic strategy is illustrated in �gure 4. Thedefault goal is to compute a variable called solution, which plays a role similarto main in C++. The search for this goal may yield three possible results: 1) thereis no way to obtain the request from the given database, 2) the request can besatis�ed, but not without ambiguous results or unsatis�ed constraints (assertionfailures), or 3) the request can be satis�ed and this is the resulting schedule thatgenerates this goal. Generally, case 1 is caused by insu�cient information inthe given fact database (under-speci�cation), while case 2 is caused by internalinconsistencies that usually result from con
icting database speci�cations (over-speci�cation).Scheduling occurs in three steps. The �rst step involves creating a dependencygraph that connects the variables stored in the fact database to the goal usingthe rules in the rule database. This step involves iteratively exploring the spaceof known variables and determining which rules can apply, which may in turngenerate new variables. Once this graph is produced it is pruned to only thoserules that generate the requested goal, sorted into iteration hierarchies, andreduced to a directed acyclic graph (DAG) by clumping recursive dependencyloops. The next step is an existential deduction phase which determines whatattributes can be assigned to which entities. For example, the rule p<-rho,R,Tspeci�es that entities that have attributes rho, R, and T also have the attribute p.The existential deduction begins with the given facts, and follows the DAG order
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TerminateFig. 4. The Loci Methodology for Automatic Application Generation.computing the entities associated with each attribute until the goal is reached.During this existential deduction, recursive loops are iteratively evaluated untilall possible attributes are generated. The result of the existential deduction phaseis a concurrent schedule that obtains the requested goal. However, since it ispossible that some attributes may exist for entities that do not contribute tothe requested goal, a �nal optimization pass prunes this schedule. The pruningoperation starts from the goal and works backwards through the DAG until theschedule only computes those values that are needed to provide the requestedgoal.The scheduling process naturally produces a concurrent schedule. Only par-titioning of entities to processors is needed to generate a schedule for paral-lel processors (on distributed memory architectures a communication schedulewould also need to be deduced). Thus the numerical model does not have anyreferences to parallel execution { this arises naturally from the speci�cation.5 ImplementationThe fundamental design strategy in the Loci system has been the use of shal-low inheritance hierarchies combined with templated containers and composers.The most basic data type for the Loci system is the entitySet, a value classthat describes arbitrary sets of entities, and provides fast intersection, union,and complement operations. These entity sets are necessary for the existentialdeduction phase of scheduling and used for control and allocation functions.The data models described in section 2 are implemented as templated containerclasses. These containers provide features that facilitate their storage in the factdatabase and their automatic binding in rule invocations. The rules described insection 3 are implemented via a shallow inheritance hierarchy. Users create newrules by providing a constructor that creates the rule speci�cation and a virtualmember function called compute that performs the speci�ed computation.



8 Edward A. LukeA high-performance implementation strategy is based on moving all run-timepolymorphic behavior (virtual functions and RTTI) to the level of collections ofentities. This is facilitated by the scheduler which generates a sequence of ruleapplications over sets of entities. Each rule implementation provides a virtualmember function compute that provides a collection level interface to rule eval-uation. The scheduler generates a partial order of entity computations for eachrule invocation represented by the sequence class. The developer of a rule imple-mentation provides an inlined member function that performs the speci�c com-putations required by a single entity. A templated composer function, do loop,provides the interface between the per-entity computation provided by the userand the collection-level request made by the execution schedule (in the form ofan instance of sequence). This strategy provides a powerful division of laborwith respect to optimization: while the scheduler can concern itself with globalanalysis such as the identi�cation of concurrent or cache optimized evaluationorderings, the do loop composer can provide the optimal looping interface (e.g.loop unrolling or parallelization directives). Most importantly, all of these opti-mizations can occur without change to the numerical algorithm as speci�ed inthe rule de�nition.6 ExamplesThe Loci system is currently being used to develop a �nite-rate chemically re-acting compressible 
ow solver for simulation of high speed and combustion
ow problems. The code presently uses an implicit �nite-volume scheme forthree dimensional unstructured mixed element grids using 
ux di�erence split-ting schemes for stable solutions of 
ow �elds containing discontinuities suchas shocks. This application is currently being used at the NASA Stennis spacecenter to compute hydrogen oxygen combustion reactions to assess rocket mo-tor measurement strategies. Two examples are provided from this 
ow solverimplementation to illustrate some of Loci's features.6.1 Area ComputationA generalized unstructured grid may consist of hexahedra, tetrahedra, prisms,and pyramids, which are in turn composed of triangular and quadrilateral faces.The �nite-volume integration method requires surface integrals of these elementswhich in turn requires an area evaluation of these faces. Two separate rulesare required to generate areas for the quadrilateral and triangular faces. Thequadrilateral faces are de�ned by the map variable qnds, while the triangularfaces are de�ned by the map variable tnds. Nodal position vectors are stored inpos. Figure 5 illustrates the implementation of a Loci rule that computes thearea of a quadrilateral face. In this rule, the area is determined by the crossproduct of the two diagonal vectors of the face. The constructor for this rulecreates the speci�cation \area<-qnds->pos", while method compute providesan interface for the actual computation of areas.



Lecture Notes in Computer Science 9class quad_area : public pointwise_rule { | inline void quad_area::calculate(Entity fc) {const_store<vect3d> pos ; | vect3d dv1 = pos[qnds[fc][2]]-pos[qnds[fc][0]] ;const_MapVec<4> qnds ; | vect3d dv2 = pos[qnds[fc][1]]-pos[qnds[fc][3]] ;store<Area> area ; |public: | area[fc].n = cross(dv1,dv2) ;quad_area() ; | real sada = sqrt(dot(area[fc].n,area[fc].n)) ;void calculate(Entity fc) ; | area[fc].n *= 1./(sada+EPSILON) ;virtual void | area[fc].magnitude = 0.5*sada ;compute(const sequence &seq) ; | }} ; ||quad_area::quad_area() { | // calculate areas for sequence of entitiesname_store("pos",pos) ; | void quad_area::compute(const sequence &seq) {name_store("qnds",qnds) ; | do_loop(seq,this,&quad_area::calculate) ;name_store("area",area) ; | }|input("qnds->pos") ; | // register rule in global rule databaseoutput("area") ; | register_rule<quad_area> quad_area_registration ;} |Fig. 5. Quadrilateral-Face Area Computation Rule in Loci6.2 Gauss-Seidel IterationThe linear system solution required by the implicit time integration in the solverutilizes a Gauss-Seidel iterative method. This method solves the equation Ax =b by iteratively evaluating the equation xk+1 = (L + D)�1(Uxk + b), whereA = L +D + U , and L, D, and U are the lower, diagonal and upper matricesrespectively. This method can be written as the point-wise recurrence relationxk+1i = D�1i 0@bi � i�1Xj=1 Lijxk+1j � nXj=i+1Uijxkj1A :In the unstructured 
ow solver, the matrix, A, is formed from the connectionsbetween cells. These connections represent faces in the mesh. The data structureis constructed by �rst identifying a left and right cell to every internal face withmaps cl and cr. The faces are constructed such that cl always points to thelowest color cell (in the matrix coloring). Mappings to the lower and upper partsof the matrix are formed by inverting the maps cl and cr such that lower =inverse(cr) and upper = inverse(cl).3 In this data structure, the componentsof the lower matrix are stored at faces in variables called L and U while thediagonal is stored at cells in a variable called D. A more detailed description ofthe matrix data-structure is provided in [8]. Using this data structure, the aboverecurrence relation form of the Gauss-Seidel algorithm becomes the recursivepoint-wise rulex{k+1}<-D,b,lower->L,lower->cl->x{k+1},upper->U,upper->cr->x{k}.3 An inverse of a mapping is simply its transpose.



10 Edward A. LukeLoci schedules recursive rules by repeatedly evalu-ating the rule until all possible entities are computed.What does Loci do for a red-black coloring? In this caseall red cells have only left faces pointing to them, whileall black cells have only right faces pointing to them asillustrated in �gure 6. Thus red cells have a null map-ping for lower, while black cells have a null mapping forupper. In the �rst step of the repeated evaluation, Lociwill be able to evaluate this rule only for red cells sincethe lower map is null only for these cells and no entitieshave the attribute xfk+1g. For the second iteration ofthis scheduling process Loci will be able to apply thisrule for all black cells since the red cells produced thenecessary xfk+1g attribute. A following iteration willdetermine that no new attributes can be assigned andthe schedule will be complete. A two step concurrentred-black algorithm will be the result. Interestingly, ifinstead a regular mesh is given with a canonical col-oring, then Loci will derive the concurrent hyper-planealgorithm used in the NAS parallel benchmark LU[9].
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Fig. 6: Mesh Colorings7 PerformanceEvaluating the performance of the �nite-rate chemistry application developedin Loci is complicated by the fact that there is no application which exactlymatches its particular design goals. It is important, however, to obtain a perfor-mance baseline to determine if the approach has an unacceptable performancepenalty. Unfortunately, simple linear algebra based benchmarks over-predict per-formance due to their unrealistically high percentage of multiply-add operations.In contrast, the �nite-rate chemistry solver spends less than 20 percent of itsexecution time in matrix solution. To provide a more reasonable performancebaseline, the performance of a Fortran ideal-gas solver[10] is measured. The ba-sic algorithms used in both solvers are similar, although a more robust, butmore expensive, method for Jacobian computations is applied in the �nite-ratechemistry application.The performance of a serial Loci implementation is measured for the �nite-rate chemistry application using the hardware counters on the SGI 195mhz R10Kprocessor. A medium sized grid for a converging diverging rocket nozzle con-sisting of 15,488 cells is used in the performance measurement. Two chemistrymodels are used in the simulation: 1) an ideal gas model, and 2) a 6 species28 reaction hydrogen-oxygen reaction kinetics model. The performance of theFortran ideal-gas solver is also measured to provide a performance baseline. Theperformance is based on the ratio of 
oating-point operations obtained fromthe R10K hardware counters to an overall execution time including Loci sched-ule generation. Since the operations performed by scheduling is not included in



Lecture Notes in Computer Science 11the operation measurement, scheduling cost can only decrease measured perfor-mance. These results, listed in table 2, indicate that a deductive scheduling sys-tem combined with C++ templates and value classes can produce performancesimilar to Fortran based applications. The lower performance of the ideal-gasmodel is a result of a design that supports 
exible chemistry models rather thanparticular overheads of the Loci system.Table 2. Loci Performance Results on Nozzle SimulationCode Model Flops Time (sec) Rate (M-Flops)Loci Ideal Gas 41.41e9 1174 35.3Loci H2-O2 Kinetics 252.89e9 5803 43.6Fortran Ideal Gas 33.80e9 749 45.18 SummaryThis paper outlined a programming model based on a data parallel logic pro-gramming strategy. The programming model has the advantage that it can co-ordinate various numerical models while enforcing many consistency guarantees.A side e�ect of this model is that parallel schedules can be generated from thespeci�cation. A sequential implementation of this model in C++ demonstratesthat the approach can be competitive with Fortran in performance while simul-taneously providing consistency guarantees traditional design approaches lack.The current implementation provides an application framework where high-performance value classes are used to describe entity-based computations, whilethe Loci scheduling system provides an automatic assembly of these fundamentaldescriptions into an application-level schedule. In this sense, the Loci system isboth a library and a run-time system for the development of high performancegraph-based applications. Although the present implementation focuses on thecomposition of entity-based computations, the same strategy could be appliedto the case of aggregate computations (such as might be performed by a PetSclinear system solver, or an external commercial simulation application). However,these cases would need special treatment by the scheduler to ensure that thecomputations remained aggregate (for example, a matrix can not be inverted insegments), and may not be subject to the same parallelization opportunities.There is a design argument that has been subtly referred to throughoutthis paper: in scienti�c computing, the needs of application-level structures arefundamentally di�erent than that of the value-level. While recent advances invalue class design are providing clear bene�ts, the problems associated withapplication-level structures have been less clearly addressed. A likely sourceof di�culties at this level is due to complex interactions between applicationcomponents that do not �t neatly into a hierarchical, object-oriented structure,but rather appear to be more readily represented by axiomatic statements (e.g.
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