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CHAPTER IINTRODUCTIONNumerical modeling of physical processes is becoming a signi�cant component of modernengineering design. To a large part, this reality has been accelerated by the wide availability oflow cost computing platforms. In fact, for a few thousand dollars it is now possible to purchase adesktop workstation that is in the same class of performance as the Cray I supercomputer of themid-seventies. This availability of low cost computing power makes numerical modeling a highlycost-e�ective option for engineering analysis. In addition, the low cost of these platforms makesparallel processing, obtained by linking many of these computing platforms together, much moreeconomically feasible than ever before. Combined with the narrowing gap in the performance ofthese low cost systems to the high cost supercomputer installations (particularly in terms of perprocessor performance), the economical modeling of phenomena that were previously consideredtoo complex is now a possibility. To this end, the Beowulf project [1] (using a parallel machinecobbled together from o� the shelf components) was able to deliver a performance in excess ofone giga
op at a cost of about �fty thousand dollars. These results only underscore the potentialpayo� of current technologies.Unfortunately, although the hardware costs of putting together a system capable of super-computing performance levels is dropping radically, the software cost required to actually utilizesuch resources is substantial. There are several factors which contribute to the high software costsrequired to utilize such systems. The most signi�cant one is that very little progress has beenmade in the area of automatic parallelization of traditional sequential applications, particularlyfor distributed memory architectures that o�er the best price-performance ratio. Instead ofautomated methods, tedious message passing based paradigms are currently the principal methodof programming these lower cost high performance platforms. Another factor that is exacerbatingthis problem is that higher performance platforms often make simulating increasingly complexscenarios possible. As a result, the availability of high performance platforms pressures1



2modeling developers to implement increasingly complex simulation software. Consequently, asthe technology of numerically modeling advances, the complexity of the numerical algorithms(particularly from a software point of view) is increasing. All of these factors suggest that newtechnology that can address the issue of software complexity is a key component to acceleratingfuture progress in the �eld of numerical modeling.Modeling physical phenomena on a computer requires a careful validation of the reliabilityof these models. Problems in the validity of numerical software can occur at several levels.At the highest level, a modeler is presented with the problem of obtaining or selecting anappropriate mathematical model for the physical phenomena under investigation. This usuallyinvolves identifying the mathematical equations that accurately describe the problem. Typically,these equations are well known in each discipline. For example, the Navier-Stokes equationsare known to model a broad range of physical phenomena of interest for both 
uids and solidsprovided certain assumptions hold (for example, the continuum hypothesis). However, thesemathematical models may include components that are less well understood such as closureequations for turbulence models in the case of the Navier-Stokes equations already meantoned.Once the appropriate mathematical model is chosen, it is then necessary to obtain an appropriateand accurate numerical representation of these equations in order to obtain a computationalsolution. Many of the fundamental problems of these steps in the modeling process are wellunderstood, although research is still underway to re�ne these analyses. Analysis in validation isgiven the most attention: it is important to have a sound foundation to a numerical model; and tohave numerical methods that are accurate and e�cient. What is considered less often in validationof numerical software is that inaccurate results are often caused by software complexity itself.Thus \bugs" in numerical modeling software impact the reliability and accuracy of the numericalsolution. As a result, it is possible to obtain solutions that are incorrect but reasonable. Whiletheoretical analysis can help to obtain valid solutions when trying to select the model equationsand numerical methods, a di�erent approach is required when considering problems caused byincorrect implementations of valid numerical models.Brooks[2] identi�ed two sources of software complexity: essential and accidental. Under thisclassi�cation, essential complexity is the complexity required to solve a problem, while accidentalcomplexity results from unexpected requirements of implementation. Thus, while the derivationof a numerical scheme may be rather simple, an implementation in Fortran could be considerably



3more complex. Much of the complexity associated with the Fortran implementation has littleto do with the numerical model, but instead is a result of bookkeeping work (input/output andcontrol). This bookkeeping work is compounded in parallel implementation, where signi�cantcomplexity is consumed in the management of data transfers and processors synchronization.With this accidental complexity comes opportunity for software \bugs", and increased validationcosts. For example, while a simulation may provide correct results on ten processors, there couldbe little guarantee that it will work on eleven processors, when such a change invokes possiblydi�erent aspects of the applications communication and synchronization infrastructure.The picture is not quite so bleak as the the discussion up to now would indicate. Complexsimulation software has been developed and successfully deployed to solve real engineeringproblems. In fact, there is much that is known about how to solve these problems on modernarchitectures. For example, although partitioning workload to processors is not a completelysolved problem, there has been much success in achieving excellent scaling and machine utilizationfor complex numerical models, involving simulations ranging from 
uid 
ows to the evolution ofblack holes. Although management of data transfers and synchronization adds to the complexityof applications, this complexity has been managed through various application design approaches.The statement made here is not that these simulations cannot be accomplished in the currentstate-of-the-art, but rather that there is much room for improvement.This study proposes to eliminate much of the accidental complexity encountered in numericalsimulation software development by changing the way in which this software is speci�ed.In order to successfully attack this accidental complexity, the speci�cation must mimic theessential properties of the underlying numerical model equations. In addition, it needs to bea fundamentally concurrent speci�cation, since there is a desire to develop software for parallelhigh performance architectures. This study proposes such a speci�cation approach and arguesthat speci�cation of a numerical application in this way reduces much of the accidental complexityby simply eliminating it from the implementation speci�cation.The development of this thesis begins with an overview of the current state of softwaredevelopment technologies for numerical and parallel applications (Chapter II). Chapter IIIpresents the proposed speci�cation language and illustrates its derivation from underlyingprinciples of numerical algorithm development. For the speci�cations language described inchapter III to be meaningful to simulation software, it must be translated into a machine



4executable form, as discussed in the chapter IV. A numerical model for compressible 
owsinvolving �nite-rate chemistry is presented in chapter V, while the implementation of thismodel using the proposed speci�cation language is discussed in chapter VI. The numerical andperformance results for this �nite-rate chemistry model implemented within this speci�cationapproach are presented in chapter VII. Finally, chapter VIII provides a concluding summaryand underscores the key �ndings of this work.



CHAPTER IIRELATED WORKThe recent success of parallel processing architectures in the �eld of numerical modeling isapparent. Unfortunately, utilization of these cost-e�ective parallel computing platforms alsocontributes additional complexity to simulation software. Much of the allocation of processorresources, management of data distribution amongst processors, and generation of communicationscheduling must be provided by the simulation software, signi�cantly increasing its complexity.Reducing the impact of this complexity on high performance applications is a topic of muchresearch. Although there are no clear winners from the diversity of approaches attempted todate, the message passing models embodied by standards such as MPI [3] have gained signi�cantpopularity. However, this popularity is more linked to their success at delivering portable highperformance than at their success at reducing complexity of high performance applications. Thischapter will discuss some of the current technology that is presently being used to address someof these issues. 2.1 Parallel Programming ModelsProgramming models are always used in program development, whether by accident or intent.They provide the means by which program behavior is analyzed and ideas about algorithmsare organized. In parallel computing, several formalized models have been developed whichhelp application developers reason about parallel implementations. Many of these modelsare coupled to programming support tools and libraries that facilitate development using theconstructs implicit to the programming model. Some parallel models have close correspondenceto the hardware architectures that execute the parallel applications, while others have closercorrespondence to the abstract requirements of concurrent algorithms.5



6Parallel programming models also play two important roles in the development of parallelalgorithms: 1) they facilitate algorithm description by partitioning the algorithm into a set ofmodel primitives, and 2) they facilitate estimating resource requirements such as computationtime, communication cost, and memory cost. When a parallel model has associated support inthe form of libraries or language constructs, then the algorithm description within that modelyields straightforward implementation strategies that involve mapping the abstract primitives ofthe parallel model to their corresponding library or language primitives. In this sense, parallelmodels help address the concerns of complexity in high performance applications.2.1.1 Shared Memory ModelsA common model of parallel computations is the shared memory model. This model assumesthat there is one globally accessible memory system that a collection of processors share. Acommon property of shared memory models is an ability to preemptively access memory utilizedby another processor. Consequently, computations can proceed in each processor, provided thatspecial precautions are taken when two or more processors must access the same memory location.There are several variants of the shared memory model, but the most commonly used approachesin high performance computations involve variations of thread and vector models.2.1.1.1 ThreadsThread models describe computations in terms of a collection of concurrent threads ofcontrol that share a common address space. Some of the earliest developments of the threadmodel of computations were developed by Dijkstra[4] in the 1960s. Many of the basic ideasfrom that work, such as semaphores and critical sections, still apply to thread models today.More recently, standardization e�orts such as POSIX threads[5] have increased the popularityof thread based approaches in high performance computing. Although the common addressspace is an attractive advantage of a threads paradigm (since interprocessor communicationis transparent), complications due to memory corruption and synchronization concerns canmake building robust thread based applications challenging. In addition, although thread basedapproaches have demonstrated reasonable parallel gains on small numbers of processors, it isnot clear if performance gains using this approach will ever scale to massively parallel systems.



7However, some recent results that combine threads with other paradigms (such as distributedmemory models) have shown some success on very large scale computations.2.1.1.2 Loop SchedulingWhen the bulk of high performance computations were developed on vector computers,many of the approaches to achieving high performance computation involve identifying loopsin applications that could be computed concurrently. These approaches involved the automaticidenti�cation of loops that could be safely \vectorized", while compiler directives could beused to inform the compiler of special exceptions that could not be automatically identi�ed.Analogous support to vectorizing compilers has developed for symmetric multiprocessing servers,where compiler directives could be used to parallelize an application. Recently the OpenMPstandardization e�ort [6] has produced a standard set of directives for this form of parallelizationimproving the portability of directive based approaches. The advantage of directive basedapproaches to parallelism is that, unlike other techniques, an application can be parallelizedby incrementally adding parallelization directives, validating the results at each step. This isparticularly useful when parallel implementations of applications originally developed for oldervector machines are required. However, like the thread model, this approach does not appear toscale well to massively parallel systems.2.1.2 Distributed Memory ModelsDistributed memory models o�er an alternative to shared memory models that is a moreaccurate representation of scalable computing architectures. In the distributed memory model,a parallel computer is constructed from a collection of complete computers that have their ownindependent memory systems. Memory on one processor cannot be directly modi�ed by anotherprocessor except by means of communication primitives. The most common primitives of suchmodels are send/receive pairs where one processor sends a message to another. The developmentof a standard applications program interface (API) for the message passing model[3]1 has helpedto make message passing a popular paradigm for parallel computations. To date, message1The informal standard of MPI (Message Passing Interface) was originally de�ned in 1994. In 1998 an updatedversion of MPI coined \MPI-2" was accepted. Currently, programs that conform to the original MPI speci�cationare highly portable.



8passing has provided the most scalable and portable platform for high performance applicationdevelopment.The success of the message passing paradigm is largely due to the fact that it closely matchesthe architectures of most high performance computing systems. However, message passing doesadd signi�cant complexity to high performance applications. Most of this complexity is due tothe low level of control o�ered by message passing systems. To a large degree, message passingcan be seen as a �ne grained management of both processing and communication resources withina parallel system. 2.1.3 Data Parallel ModelsData parallel models are derived from the application of the same function over a collection ofdata elements. Since computations are closely bound to data in this model, a distribution of datato processors naturally leads to a distribution of computations to processors. The data parallelmodels were often put to use on SIMD (single instruction multiple data) architectures of the mid-1980's, but can also be used to take advantage of distributed memory architectures. The mostcommon approach to data parallel models are array based calculations. These are calculationswhere equations manipulating large arrays of data are transformed into distributed computationsby distribution of these arrays across processors. Several modern languages that support dataparallel constructs are Fortran 90[7], High Performance Fortran (HPF)[8], and ZPL[9]. ZPL isbased on a slightly more general model of computation that identi�es Phase Abstractions as amodel for parallel computations[10]. These Phase Abstractions are identi�ed by the XYZ levelsof programming, where the X level corresponds to an individual sequential processor, the Y levelrepresents a collection of processors working on a common task in a data parallel mode, and theZ level which represents the control structure \in the large" of an application. It is argued thatthis model maps well to most parallel architectures, and, as a result, applications built aroundthis model will execute with high e�ciency on a wide range of architectural variations.2.1.4 Bulk-Synchronous ProtocolThe Bulk-Synchronous Protocol (BSP) has been proposed as a bridging model for parallelcomputations[11]. The term \bridging model" is used here to describe a model, much likethe von Neumann model for sequential architectures, that facilitates development of computer



9architectures such that certain quantitative guarantees regarding software performance are met.Given such a model, it becomes possible for the development of software systems and hardwarearchitectures to proceed more or less independently. In the BSP model, computations arerepresented by a collection of virtual processors. It is assumed that the number of virtualprocessors exceeds the number of physical processors, in order to provide su�cient \parallelslackness" to manage communication latency. In addition, the model assumes that there isa router that is able to perform point-to-point communications between physical processors.Finally the model assumes that there are facilities for synchronizing the processors at regularintervals, identi�ed as super-steps. The performance of a program in this model can be estimatedby four bulk parameters: the number of processors p, the speed of the processors s, the cost ofa super-step l, and the cost of point-to-point communication g. Programs developed using thismodel can estimate the quantitative performance of their implementations based on these bulkparameters. There is currently an API for BSP based applications that has been used in thedevelopment of several high performance applications[12].2.1.5 Data
ow ModelsIn data
ow models[13], a computation is described by its data dependencies. In this modela set of operations are \�red" when data for them arrives. The computational model speci�esexecution by way of a dependency or data
ow graph that describes the relationship betweenvarious operations. Since multiple operators in the graph may execute concurrently, the data
owmodel of computation can be used to describe parallel computations. Data
ow models aresupported by declarative programming languages such as Id[14] and Haskell[15]. In addition,there are high performance variations of such declarative languages such as SISAL[16], thatprovide a data
ow model perspective to scienti�c computing applications. These languages allshare the common feature that they are referentially transparent: in these models, state is notexplicitly represented, but rather 
ows through representations of operations. The lack of state isa near universal property of data
ow models. One exception to this rule is the F-Net[17] model,which expands the basic data
ow graph with state models. In this approach, the data
ow graphcontains event nodes, that act like traditional data
ow operators, combined with content nodesthat model variables with state. One major advantage of data
ow models is that the descriptionof computations is independent from the allocation of work to processors. However, data
ow



10models have yet to demonstrate scalable performance comparable with that of message passingparadigms. 2.1.6 LindaLinda[18] is a programming model that provides an abstraction of communication via a tuplespace. In the Linda model a process may place tuples in the tuple space, while another processmay extract these tuples through an associative mapping. A process may either install, read,or delete tuples from the tuple space, providing the basic communication mechanisms. Theadvantage of the Linda model is that partitioning of communication happens automatically;however, performance may su�er since hardware implementations do not directly supportassociative lookup. Although hashing implementations of this associative lookup help to addressthis issue, Linda still remains a high latency solution to communication in parallel programmingmodels. 2.2 Software LibrariesOne approach to reducing the complexity of parallel applications is by developing libraries thatimplement the most complex components of common application primitives in parallel. For highperformance applications, these primitives usually either implement speci�c algorithms (such assolving an FFT), or provide infrastructure for some domain-speci�c subset of high performanceapplications. This section will discuss some of the more common options in this regard.2.2.1 Linear Algebra LibrariesThe most obvious numerical kernels that can be implemented for scienti�c computationsare ones that solve systems of linear equations or provide other linear algebra support such aseigenvalue computations. There are many parallel libraries that provide kernels for linear algebra.For dense matrices that occur in many classes of scienti�c problems, including some solutionmethods for partial di�erential equations (e.g. potential methods), LAPACK[19] provides alibrary of parallel solver kernels for dense and banded matrix structures. However, the majorityof partial di�erential equations produce highly sparse matrices, often with irregular structures.For these types of problems a library such as PetSc[20] provides a general interface to a family



11of Krylov subspace solvers for linear and non-linear systems of equations. The PetSc libraryprovides a 
exible object-based interface that facilitates the creation of the complex hierarchicalsolver architectures which are often encountered in domain decomposition methods for partialdi�erential equations. In addition to this object-based structure, PetSc also provides somesupport for the development of simple mesh structures and their associated matrices. However,both LAPACK and PetSc have a linear system oriented perspective, and as a result they donot su�ciently address the complexities associated with the set up and distribution of linearequations on parallel systems. However, once these equations are described, libraries providean e�ective solution methodology, and their e�ciency at developing scalable high performanceapplications has been repeatedly demonstrated.2.2.2 The CHAOS/PARTI LibraryThe CHAOS/PARTI[21] library provides a set of routines for generating communicationschedules for unstructured grid computations. The basic CHAOS approach is embodied inan inspector/executor model of computations. During the inspector phase, the unstructuredconnectivity lists are examined to produce communication schedules of inter-processor accesses.Then, during the executor phase, computations are actually performed, calling the necessaryCHAOS primitives when communication schedules need to be invoked. The CHAOS library alsoattempts to optimize schedules, reducing communication demands. This is done by removingredundant o�-processor requests and caching multiple accesses, and by coalescing multiple o�-processor communication requests.2.2.3 The POOMA II LibraryThe POOMA II library[22], under development at Sandia, puts together a package of C++classes and templates for the development of data parallel computations. In many ways, thislibrary provides many of the features that were previously only available through specializedcompilers. Through the use of expression templates developed in Blitz++[23], POOMA II isable to deliver performance comparable to a specialized compiler. However, since POOMA IIis a library, it can move quickly to adapt problem-speci�c optimizations; moreover, POOMA IIuses C++ template facilities to provide a generic data-parallel interface that can work with builtin types as well as complex user-de�ned types.



122.2.4 Frameworks for Adaptive Mesh Re�nementFrameworks di�er from libraries in the sense that instead of the application invoking alibrary, a framework invokes application modules. Frameworks can have an advantage for parallelprocessing since they can perform many optimizations and reordering of computations that arenot possible with libraries. On the other hand, libraries are more likely to inter-operate thanframeworks. There have been several frameworks developed for high performance computing,usually associated with particular solution methodologies. LPARX[24] and HDDA/DAGH[25]are recent examples of frameworks that have been applied to adaptive mesh re�nement (AMR)algorithms. The LPARX framework provides constructions for mesh hierarchies. Theseconstructions allow for a \region calculus" that provides straightforward ways of obtaining setsof cells in overlapping regions of meshes. From this region calculus, much of the communicationscheduling is derived. Parallel formulation is not completely transparent, but is straightforwardand relates sensibly to the AMR grids. HDDA/DAGH on the other hand centers around a 
exibleparallel data structure for storing hierarchical data. The abstraction de�nes a hierarchical indexspace and assumes a novel hashing algorithm that distributes data among processors, utilizingproperties of space �lling curves[26].2.3 Domain-Speci�c LanguagesAnother approach to reducing the complexity of building scienti�c applications has beenthe development of domain-speci�c languages. These languages provide special constructs thatfacilitate more economical expression of numerical algorithms. In some cases these are generalpurpose languages with augmentations, and in other cases they are specialized to an extent thatthey can only be applied to a limited domain. In many cases, the additional semantic contentin the domain-speci�c language can be used to provide optimizations that would be di�cult toperform in the more general case. 2.3.1 FIDILFIDIL[27] is a functional (data
ow) language that was developed to exploit vector processorsfor scienti�c computing. The major additions to the language that support scienti�c computingare domain and map types. The domain represents the indices of an array, while the map



13represents array values. Domains are 
exible, and can hold arbitrary sets of indexes. In addition,operations on domains such as intersection, union, and shifting are supported. Using domains,it is possible to represent fairly complex grid structures economically, while identifying the arraystructure allowed for the generation of e�cient vector code. The features of domain and maptypes are recurring themes and appear in other specialized languages such as ZPL[9].2.3.2 StrandStrand[28] is a single assignment logic programming based language that is designed for theimplementation of parallel applications. A strand program consists of a set of procedures de�nedby rules. A rule has the form ofH : �G1; G2; � � � ; GmjB1; B2 � � � ; Bn m;n � 0:In this speci�cation, the rule head, H consists of a function prototype, the Gi's represent guardtests, while the Bi's are body processes that are executed when the guard tests are satis�ed.Parallelism is obtained by concurrent execution of the guards and arguments in the rule head.Communication between rules is provided by single-assignment variables. Recursive rules areused to generate streams. Mapping of processes to processors is accomplished through constructsin the language. Because of careful use of single-assignment semantics, mappings do not a�ectprogram correctness, only program performance. Thus, the developer of a Strand program canwork on developing a correct implementation, and then tune the parallel mapping of processesto processors. Strand has been used for a variety of applications, including discrete eventsimulations, computational biology, and automated theorem proving. There are some instancesof applications using strand for PDE solutions such as weather modeling, but Strand is weak inthese application areas due to lack of support for distribution of array values across processors.PCN[29] is a more recent implementation that incorporates many of the features of Strand,but with a stronger focus on parallel program composition[30]. Again, PCN uses Strand-likedeclarative syntax, but has a much stronger focus on providing interfaces to imperative languageslike C and Fortran. The focus of PCN is in the coordination of program components to formparallel programs. Thus, much of the code of a program written using PCN may be in atraditional language, while the high-level coordination is facilitated through PCN constructs.



142.3.3 The CHAINS ModelThe CHAINS[31] language utilizes an abstraction of algebraic-topological structures todescribe �nite element problems. Chains are simply structures that represent partial orderings(in this case of grid components). In the chains model, the basic constructs include k-cells, whichare abstractions of k dimensional regions of space, and cell complexes, which de�ne collectionsof various dimensional cells. Physical quantities and mathematical models are then representedon these cell complexes. Cell complexes have properties that are represented by the topologicalstructure of the region they represent. For example, the intersection of any two cells in a cellcomplex is also a cell contained within the complex. Thus, if two neighboring cells are in a cellcomplex, then the intersection of them, or the face between them, must also be a cell in the cellcomplex. In addition, the CHAINS model supports various canonical ordering on cell complexes(for example the nodes of a face are represented canonically in a counter-clockwise direction).The CHAINS language facilitates the description of a �nite element problem at a very highlevel. The CHAINS language is problem-speci�c, and cannot be used to solve general problems,even problems of interest to scienti�c computing, such as linear system solutions or even temporalevolution. However, the CHAINS language does raise the semantic level of problem description,and does open up many possible optimizations that would be impossible otherwise, such astailoring the linear system solvers to properties of the system (for example, symmetry).2.3.4 Formal Speci�cation ApproachAnother interesting approach to reducing the complexity of parallel computations fornumerical PDE problems has been proposed by Birken[32, 33]. In his approach, the graph isrepresented as a set of facts such as nb(e1; e2), which indicates that element e1 and e2 areneighboring elements (elements that need to communicate). Then, a distribution of elements toprocessors is speci�ed via similar facts, that is orig(e1; p1) indicates element e1 is associated withprocessor p1. The problem of parallel distribution of work involves providing consistent copies ofneighboring elements. For this, Birken identi�es three speci�cations which must be satis�ed forconsistency. For example, if two given elements are neighbors and one element is on processorp, then the other element must either originate on p or it must be a copy. These three rulesprovide the speci�cation of a correct communication schedule. Using these speci�cations and an



15automatic theorem prover, the space of all programs is heuristically searched to �nd a programthat satis�es the speci�cation. Once this program is found, it will manage communications forany topology satisfying the given speci�cation.The search process for this approach is a very time consuming step; however, the resultingprogram is proven correct, and can work for a large class of problems. Unfortunately, thisapproach has only been applied to simple example problems, and it is yet to be seen if theapproach is workable for applications of signi�cant complexity. Unless the heuristic search isvery good, it is likely that the cost of automatic program generation could be prohibitive.2.4 SummaryThe coverage of the material in this chapter began with low level speci�cations that involvedscheduling and coordinating concurrent processes and ended with techniques that utilized highlevel abstractions that remove much of the need for these lower level speci�cations. For example,while software libraries provide a narrow interface to speci�c computational kernels, the Strandlanguage utilizes the guarded horn clause as an abstraction for the coordination of variousprogram components. Of all of the technologies covered in this chapter, only the domainspeci�c languages seriously address the problem of accidental software complexity that plaguescurrent high performance numerical model implementations. The most interesting of these is theCHAINS model: it provides an interface that is very close to the process of deriving �nite-elementmethods, although in many respects its domain of applicability is too restricted.This study proposes a speci�cation language approach that adopts a declarative stylesimilar to Strand but includes semantic identi�ers that speci�cally occur in the derivation ofcomputational 
uid dynamics models. These semantic identi�ers are similar to the domain andmap operators of FIDIL and ZPL, however they are better suited to an unstructured descriptionof computations involving declarative horn clause based rules. Thus, the proposed speci�cationlanguage represents a domain speci�c approach similar to the CHAINS model except that it candescribe more generic scenarios such as iteration or the components of linear system solvers.



CHAPTER IIITHE DEVELOPMENT OF A SPECIFICATION LANGUAGEThis chapter will de�ne a speci�cation language for describing the numerical solution ofpartial di�erential and integral equations when the �nite-element, �nite-volume, or �nite-di�erence discretization methods are employed. The basic ideas introduced here include anovel representation of the discretized space, boundary, and initial conditions as a collection ofaxiomatic statements, and the representation of the numerical solution method as a set of simpleproduction rules. Given these sets of axiomatic statements and production rules, it is possible todeduce a computer program that will solve the given numerical problem, thus automating muchof the implementation process. 3.1 A Demonstration CaseSince speci�cation languages are not typically encountered when implementing discretizationbased numerical schemes, a simple example problem will be used to illustrate the basic ideas andmotivations behind the rule-based approach to application development. For this purpose theone-dimensional linear di�usion problem is selected. A formal description of this problem in theinterval x 2 [0; 1] for a given di�usion constant �, is described by the equationsut = �uxx; x 2 (0; 1); t > 0; (3.1)u(x; 0) = f(x); x 2 [0; 1]; (3.2)ux(0; t) = g(t); where g(0) = fx(0); and (3.3)ux(1; t) = h(t); where h(0) = fx(1): (3.4)Equations (3.1) through (3.4) formally de�ne the problem to be solved; however, themethodology of solution is left open. A complete speci�cation for �nding an analytical solution16



17might be stated as follows: using the Laplace transforms and associated algebraic identities,�nd the value of the function u(x; t) such that the de�nitions given in equations (3.1) through(3.4) are satis�ed. Notice that this speci�cation contains three distinct parts: 1) a de�nition ofthe problem, 2) a collection of transformations, and 3) a goal that must be satis�ed. For thiscase, an analytic solution to the problem may be found for a few speci�c functions f(x), g(t),and h(t). In general, however, analytical solutions to PDE problems of interest to engineeringare either impractical or impossible, due to the complexity of the geometries involved and thenon-linearity of the equations themselves. For this reason, approximate numerical methods areoften used to solve PDE based problems. However, the basic approach of problem and solutionspeci�cation through de�nitions, transformations, and goals applies equally well to numericalsolution methods. The question is, how does one formally specify the problem and solutionmethodology for these numerical methods in this de�nition-transformation-goal style?3.1.1 A Finite Volume SolutionThe �rst step in numerically approximating the function u(x; t) is the discretization of thespatial domain (in this case the interval [0; 1]). For this example, the �nite volume discretizationmethod is chosen.1 Using this discretization approach, the interval [0; 1] is divided into N sub-intervals, as illustrated in �gure 3.1. To facilitate describing the discretization process, the Nsub-intervals, or cells, are labeled by c = N + 1; � � � ; 2N , while the interfaces at the boundariesof sub-intervals are labeled i = 0; � � � ; N . Note that the typical labeling used for theoreticalpurposes would include half step labels for the interfaces, while a typical unstructured applicationcode might label both cells and interfaces starting from zero and use context to distinguishbetween the two cases. However, for the purposes of automating reasoning about these entitiesof computations it is assumed that these labels are integers and that independent computationalsites (in this case, cells and interfaces) are labeled distinctly. The proposed labeling satis�es bothof these constraints.1Other discretization schemes follow similar lines. See Appendix A for alternative discretization examples.
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Figure 3.1: A Discretization of the Interval [0; 1]As illustrated in �gure 3.1, the discretization yields N +1 interfaces which have the positionsgiven by x = f(i; xi)ji 2 [0; � � � ; N ]; xi = i=Ng: (3.5)Notice that the variable x in this equation is described by a set of ordered pairs where the�rst entry is the entity identi�er, whereas the second entry is the value bound to that entity.This is a more general abstraction of the array. For example x[i] is represented abstractly asfxij(i; xi) 2 xg.In addition, this discretization yields N intervals, or cells, which are represented by themappings between cells and interfaces by way of the following relationshipsil = f(c; l)jc 2 [N + 1; � � � ; 2N ]; l = c�N � 1g;ir = f(c; r)jc 2 [N + 1; � � � ; 2N ]; r = c�Ng: (3.6)The mappings il and ir provide mappings from every cell to their left and right interfaces. Thedomain of ir and il is [N + 1; � � � ; 2N ], or the cells in the discretization, while the ranges areran(ir) = [0; � � � ; N � 1] and ran(il) = [1; � � � ; N ]. This mapping is used to conveniently describesubscripts, i.e. xc�N = ir ! x, where the composition operator, !, de�nes the application ofthe mapping, as in il! x = f(c; xl)j(c; l) 2 il; (l; xl) 2 xg: (3.7)



19Using this notation, it is possible to conveniently describe cell based calculations. For example,a generic description of each cell center is given byx = (ir ! x+ il ! x)=2: (3.8)Note that the de�nition of x provided by equation (3.8) is only applicable to cells since only cellsare in the domain of maps ir and il; however, this does not prevent the de�nition of x for otherentities (for example, interfaces) via other rules.The mappings il and ir are used to describe the �rst step of the �nite volume discretization,where integration of equation (3.1) over each cell produces the equationZ tn+1tn Z ir!xil!x utdxdt = Z tn+1tn �(ir ! ux � il! ux)dt: (3.9)Equation (3.9) is an exact equation, which can be integrated numerically to obtain a numericalsolution algorithm. For example, a �rst order end-point rule is applied to the time integrationswhile a second order mid-point rule is applied to the space integrations to obtain a �nite-volumenumerical method, expressed asun+1 = un + ��t � ir ! unx � il! unxir ! x� il! x � (3.10)Equation (3.10) describes the numerical method for advancing the time step, but it is notcomplete. The gradient term, unx , located at the interfaces has not been de�ned as a numericalapproximation. The most straightforward approximation for ux is a central di�erence formulausing the values at the cell centers at either side of the interface. In order to perform thiscalculation it will be convenient to have a mapping from interfaces to cells similar to thedevelopment of il and ir. These mappings are de�ned by the relationscl = f(i; l)ji 2 [1; � � � ; N ]; l = i+Ng;cr = f(i; r)ji 2 [0; � � � ; N � 1]; r = i+N + 1g: (3.11)



20Using the de�nitions of cl and cr of (3.11), a numerical approximation to the gradient can begiven as unx = cr ! un � cl! uncr ! x� cl! x : (3.12)Notice that this equation uses the x-coordinate at the cell centers that is computed by equation(3.8). In addition, since this rule uses both maps cr and cl, it only de�nes ux on the intersectionof the domains of cr and cl, given by [1; � � � ; N � 1]. By this reasoning, equation (3.12) onlyprovides gradients at the internal faces of the domain. The gradient at the boundary faces isprovided by the boundary conditions given in equations (3.3) and (3.4). The question is, how dothese boundary conditions specify ux at the boundaries without specifying ux everywhere in thedomain? Obviously additional information must be provided that constrains the application ofboundary condition gradients only to the boundary interfaces. A solution to this problem canbe found with the observation that the boundary interfaces have the distinction that either clis de�ned or cr is de�ned, but not both. Using this fact, the rules for calculating the boundarygradients can be given byunx = g(n�t); constraintf:dom(cl) ^ dom(cr)g; (3.13)unx = h(n�t); constraintfdom(cl) ^ :dom(cr)g: (3.14)Here the constraint term added to the rule indicates a constraint on the application of the rule.In this case it constrains the application of the boundary conditions to the appropriate boundaryfaces.At this point, the computation of un+1 from un is completely speci�ed. However, before anysuch iteration can begin, an initial value, or un=0, must be given. To be consistent with the�nite volume formulation, the derivation of the initial conditions begins with the integral formof equation (3.2), given by Z ir!xil!x un=0dx = Z ir!xil!x f(x)dx: (3.15)



21Using a midpoint rule to numerically integrate this equation one obtains the ruleun=0 = f(x); constraintf(il; ir)! xg: (3.16)For this rule, the constraint is used to indicate that although the coordinates of the interfacescancel in the derivation, their existence is predicated by the integration. In other words, thederivation assumed a cell perspective that includes left and right interface positions.3.1.2 On Problem Speci�cationFor an analytic solution method, equations (3.1) through (3.4) are su�cient to de�ne theproblem at hand. For numerical solution methods, additional de�nitions are required, due to thefact that these are inexact methods. For example, there are often tradeo�s between discretizationand accuracy that require additional speci�cation. In addition, since discretization for complexgeometries (grid generation) is not a completely automatic process, the discretization becomespart of the problem de�nition for numerical solution methods. For the example di�usion problemalready introduced, the de�nition of the numerical problem consists of spatially independentinformation such as the di�usion constant �, the initial condition function f(x), the numericaltime step �t, and a representation of the discretization of space. The discretization of space isgiven by a set of positions, (3.5), and the collection of mappings given in (3.6) and (3.11). Table3.1 summarizes these formal de�nitions for the example di�usion problem.Table 3.1: A Summary of De�nitions for the Example Di�usion Problemfact meaning� given di�usion constantf(x) given initial conditiong(t) given left bch(t) given right bc�t given time-stepx f(i; xi)ji 2 [0; � � � ; N ]; xi = i=Ngil f(c; l)jc 2 [N + 1; � � � ; 2N ]; l = c�N � 1gir f(c; r)jc 2 [N + 1; � � � ; 2N ]; r = c�Ngcl f(i; l)ji 2 [1; � � � ; N ]; l = i+Ngcr f(i; r)ji 2 [0; � � � ; N � 1]; r = i+N + 1g



223.1.3 On Speci�cation of ProcessGiven the de�nition of the problem, the process of solving the problem is dictated by aprescribed set of transformations. For example, consider equation (3.8) as an example of atransformation that transforms x located at il and ir into a cell x. To simplify discussions of thestructure of the calculations, the transformation rules are represented by a rule signature that isdenoted by a list of targets of the transformation delineated from the sources of the transformationby the left arrow symbol, ' '. Thus the cell center position calculation is represented by the rulesignature x (ir; il)! x. This rule signature represents the augmentation of the set of orderedpairs de�ned in equation (3.5) with the additional set given asx f(c; xc)jxc = (xl + xr)=2; (l; xl) 2 x; (r; xr) 2 x; (c; l) 2 il; (c; r) 2 irg: (3.17)For the moment, the augmentation of x with this set can be considered as a set union operation,with the caveat that it will become more complex once issues of speci�cation consistency areconsidered. Given this notation, the speci�cation of the �nite volume scheme derived in thissection can be summarized by six rules given in table 3.2.Table 3.2: A Summary of Rules Describing the Solution of the Example Di�usion Problem.Rule Rule Signature EquationRule 1 x (ir; il)! x (3.8)Rule 2 un+1  un; (ir; il)! (unx ; x) (3.10)Rule 3 unx  (cr; cl)! (un; x) (3.12)Rule 4 unx  g; n;�t; constraintf:dom(cl) ^ dom(cr)g (3.13)Rule 5 unx  h; n;�t; constraintfdom(cl) ^ :dom(cr)g (3.14)Rule 6 un=0  f; x; constraintf(il; ir)! xg (3.16)3.1.4 Implementing the Problem Speci�cationHow does one translate the de�nition of the problem given in table 3.1 and the speci�cation ofthe solution method given in table 3.2 into an implementation that can solve for un; n = 0; 1; � � � ?One accomplishes this implementation by starting from what is known and using the rules oftable 3.2 to incrementally derive the speci�ed goal. As in Prolog[34][35], rule resolution, ageneralization of modus ponens, is used to produce these incremental derivations. In other



23words, rules are applied where their sources are satis�ed. The set of entities that satisfy a rule'ssources is the context of the rule. For example, Rule 1 from table 3.2 can be resolved with thede�nitions of il, ir, and x given in table 3.1 for the entities numbered N + 1; � � � ; 2N . Similarly,once Rule 1 is resolved, Rule 6 can be resolved using the values of x generated by Rule 1.Iteration is recovered by way of induction. For example, if a rule generates un=0 while anotherrule generates un+1, then these two rules can be used to iteratively generate un for n = 0; 1; � � � .Thus by resolving the rules that provide the interface and boundary gradients unx a completeschedule as shown in table 3.3 can be derived from the given speci�cation.Table 3.3: A Deduced Execution Schedule for the Example Di�usion ProblemRule Used variable computed context commentRule 1 compute xc c = N + 1; � � � ; 2N cell centersRule 6 compute un=0c c = N + 1; � � � ; 2N initial conditionsLoop de�ne n = 0 for n = 0; � � �Rule 4 compute (ux)ni i = 0 left boundary conditionRule 5 compute (ux)ni i = N right boundary conditionRule 3 compute (ux)ni i = 1::N � 1 di�usion 
ux at time nRule 2 compute un+1i i = 0::N advance time-stepEnd Loop loop to Rule 4 replace n = n+ 1, repeat3.1.5 Variations: ReductionsThe speci�cation of the �nite volume solution method for the one-dimensional di�usionequation has been given, but this simple example has left out some important infrastructurethat will require special treatment if e�cient implementations are desired. The choice of a timeintegration used in this example is not stable for any time step, �t, and in a typical application astable time-step would be computed as part of the iteration calculation. For non-linear equationsthe stable time-step is a function of mesh spacing and dependent variables and as such can notbe computed in advance. The usual approach is to compute the maximum stable time-step foreach cell in the domain and then choose the smallest of these time-steps as the global time-stepcontrol. It is important to notice that the time-step is a single value that is a function of a set ofentities (namely cells). In addition, this is not any ordinary function, it is a function obtained byapplying an operation to some set of values. The result of such a process is always that the setof values becomes reduced to a single value by a process called reduction. Reduction processes



24are common in the implementation of unstructured applications. There are basically two formsof reductions that are found in these applications. One, like the time-step control discussed here,involves applying the reduction over a large set of entities to obtain a global quantity, while theother involves reducing through mappings from one set of entities to another to obtain a set oflocal quantities (as in summing forces from cells to nodes). The second of these operations isoften used to reduce the number of connectivity lists required by the unstructured algorithm,since reductions through maps can represent functions requiring inverses of the same map. Thususing these local reductions it is possible to save computing and storing an inverse of an existingmap. Since reductions are quite common in unstructured applications, some support for thesecases must be provided by any speci�cation system for unstructured numerical algorithms. Theparticular approach presented in this thesis will be discussed in the subsequent sections.3.2 A Formal Speci�cation LanguageThis section will discuss the speci�cation language for unstructured numerical computationsin a more precise form. The presentation will �rst describe the structure of the speci�cation andwhat is required for a speci�cation to be well-formed or consistent. Once the basic syntax ofthe speci�cation is described, the behavior that one expects from a particular speci�cation (itssemantics) will be discussed. 3.2.1 The DatabaseThe database is the fundamental starting point for logic programming systems. The de�nitionof the problem to be solved begins as a collection of facts stored in a database, while the resultof rule applications is the creation of new database facts. Thus the database becomes a center ofcommunication for programs derived from the speci�cations. It should be noted that althoughthe term database might be associated with �les stored on disk, here the term database refersto a model of data and associated data structures. In all likelihood any e�cient implementationof the speci�cation would keep much of the database in resident memory in order to avoid largelatencies in data exchange between computational kernels.



253.2.1.1 Naming VariablesNotice that the speci�cation of variables typical in numerical approximations to partialdi�erential equations consists of three distinct components: a name, an iteration identi�er, andan entity (or spatial discretization) identi�er. For example, the variable uni speci�es a variablenamed u associated with entity i at iteration n. The name of the variable becomes an abstractionfor the types of computations that may be bound to it. For example, a variable named \volume"may represent volume calculations for hexahedral or tetrahedral cells. The distinction of theshape of the entity is required to complete a volume calculation. However, a calculation ofdensity as the ratio of mass to volume can simply require a variable named \volume" withoutreference to any speci�c shape. In this sense, a density computation becomes generalized to anyentity that can provide a volume. The key to utilizing this form of abstraction is the developmentof consistent notation. Fortunately in most engineering disciplines much of the notation is wellestablished.The iteration identi�er of a variable represents an iteration hierarchy. This hierarchy buildson top of stationary (iteration invariant) variables, where each iteration level is represented byan iterator name (for example, n in uni ). Nested levels of iteration are represented by a list ofiterator names, as illustrated in �gure 3.2. Note that repeated iterator names are not allowed,thus n; it is a valid iteration identi�er while n; it; n is not. In addition, the iteration identi�ermay identify previous iteration values by the use of an o�set (as in n; it�1). Since superscriptingis di�cult to express in program input, brace delimited iteration identi�ers will be used to signifythe iteration identi�er of a variable; thus un�1 becomes ufn� 1g.3.2.1.2 De�ning DataDe�nition 3.1 An Iteration Identi�er is a possibly empty list of non-repeating iteration variablesgiven by � = I1; I2; � � � ; In. If the list of iteration variables is empty, then the iteration identi�eris stationary, referred to as �stationary, or independent of any iteration. Iteration identi�ers forma partial order, such that if �1 = I11 ; � � � ; I1N and �2 = I21 ; � � � ; I2M then �1 � �2 if and only ifN �M and (I1i = I2i )8I1i 2 �1. Similarly, the relation �1 < �2 is de�ned as �1 � �2^:(�2 � �1).This partial order, and its relationship to iteration, is illustrated in �gure 3.2.
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dt = 10

t{n=0} = 0
do n=1,...
  t{n} = t{n-1} + dt
  do it=1,...
    do igs=1,...
    done igs
  done it

  do igs=1,...
  done igs
done n

Stationary

n

n,it

n,it,igs

n,igs

Figure 3.2: Capturing Nested Iterations as a Hierarchy.De�nition 3.2 A set of iteration identi�ers, T , is compatible if for any �1; �2 2 T , �1 � �2_�2 ��1 holds. Note: for any given set of compatible iteration identi�ers, T , there exists a greatestlower bound, �glb 2 T and a least upper bound �lub 2 T .Example 3.1 Given the iteration hierarchy illustrated in �gure 3.2, the set of iterationidenti�ers T1 = f(n); (n; it); (n; igs)g is incompatible. However, the set given by T2 =f(n); (n; it); (n; it; igs)g is compatible with a greatest lower bound of �glb = n, and a least upperbound of �lub = n; it; igs.De�nition 3.3 A Variable Identi�er consists of a variable name, �, iteration identi�er, � , ando�set, � � 1.2 The variable identi�er is represented by the notation �f� + �g for relative o�setsand �f� = �g for absolute o�sets.The fact database provides an association of variable identi�ers to facts about entities. Ingeneral, these facts consist of associations of entities with either values or other entities. As such,any variable in the fact database has a domain, the set of entities described by the variable, anda range, consisting of a set of either entities or values.2This is consistent with o�set of � = 0 representing the present iteration values and an o�set of � = 1representing the next iteration values. All iteration o�sets for � < 0 represent the history of computations.



27De�nition 3.4 A store de�nes a bijective mapping from entities to values. Thus for a variableidenti�ed as � a store is de�ned by the set � = f(i; vi)ji 2 dom(�)g. A store is basically aconstruct for providing entity labels to values.De�nition 3.5 A map de�nes relationships between entities. It is represented by a set of orderedpairs such that the map � is represented by the set � = f(i; j)ji 2 dom(�); j 2 ran(�)g. Theinverse of map � is given by ��1 = f(j; i)j(i; j) 2 �g:3.2.2 Transformation RulesDe�nition 3.6 The mapping operator, denoted as !, is de�ned by the set � ! � =f(i; �j)j(i; j) 2 �; (j; �j) 2 �g. Mapping operators can be chained such as �1 ! �2 ! � � � ! �.De�nition 3.7 A rule signature is de�ned by a head and body written as \Head  Body". Thehead consists of a variable accessor, while the body consists of a list of variable accessors and rulequali�ers (the various rule quali�ers will be de�ned later). Variable accessors are represented as�1 ! �2 ! � � � ! �N ! � where N � 0, �i are variable identi�ers of maps, and � is a variableidenti�er for the accessed store.Example 3.2 For ideal gases, the relationship between pressure, temperature, and density is givenby the equation p = � ~RT where p is pressure, � is density, ~R is the mixture gas constant, and Tis the temperature. This equation is represented by the rule signature \p �; ~R; T". This ruleimplicitly applies to any entity for which �, ~R, and T is de�ned.De�nition 3.8 A rule signature is compatible when all of the variable identi�ers represented inthe head and the body have compatible iteration identi�ers. A compatible rule signature has ahead time, represented by �h, which is the least upper bound of all iteration identi�ers in the head,and a body time, represented by �b, which is the least upper bound of all iteration identi�ers listedin the body.3.2.2.1 Iteration Speci�cation RulesIteration is de�ned by way of three types of rule speci�cations: build rules that constructthe iteration, advance rules that advance the iteration, and collapse rules that terminate the



28iteration. This speci�cation follows an analogy to the inductive proof in that build rules areanalogous to an inductive base while advance rules are analogous to an inductive hypothesis.For example, to describe an iteration where a variable named q is iterated to a convergedsolution may be described by the following three rules. A build rule of the form qfn=0g<-ic,while an advance rule might look something like qfn+1g<-qfng,dqfng, and �nally the iterationof q might be terminated by the collapse rule solution<-qfng,CONDITION(convergedfng).De�nition 3.9 A build rule is a rule where �b < �h. A properly speci�ed build rule must have anabsolute o�set, � � 0,3 to the iteration identi�er in the head, for example �f� = 0g.Example 3.3 A build rule that initializes an iteration on variable \u" from the stationary initialcondition information named \ic" would be of the form \ufn = 0g  ic". Note that the buildrule always has an absolute o�set in the head variable identi�er. For example \ufn� 1g  ic"is an ill-formed rule speci�cation.De�nition 3.10 An advance rule is a rule where the o�set to the time identi�er in the head ofthe rule has a value of one. An advance rule is properly speci�ed when �h � �b.De�nition 3.11 A collapse rule is a rule where �h < �b. A collapse rule is always quali�ed bya conditional quali�er of the form CONDITIONAL(�) where � is a variable identi�er thatidenti�es the loop termination condition. It must have a time identi�er that is equal to �b. Note,a collapse rule for iteration level �b may also be an advance rule for iteration �h.Example 3.4 A collapse rule that terminates an iteration over the iteration identi�er � = n canbe given by the rule \solution ufng; CONDITIONAL(converged)00.3.2.2.2 Variations on a Theme: ConstraintsConsider the implementation of an impermeable surface boundary condition. This boundarycondition might be speci�ed by marking a set of faces for which the impermeable boundarycondition will supply additional information. How do the rules that satisfy the impermeableboundary condition only get applied to the entities that require them? In this case it is necessary3This assumes that all iterations will begin at � = 0. Thus, all o�sets � < 0 represent the initial history givento the iteration.



29to constrain a rule so that it can only apply to a subset of entities. This is accomplished byde�ning constraints in the database.De�nition 3.12 A constraint de�nes an identity mapping of entities. Thus constraint � is de�nedby � = f(i; i)ji 2 Cg where C is the set of entities in the constraint.Example 3.5 Using a constraint it is possible to apply a rule to a limited set of entities. Theconstraint is an identity mapping that is only de�ned for entities in the constraint, thus it isstraightforward to use this information to constrain a calculation to this subset of entities bysimply directing the calculations through this map. For example, an application of the Dirichletboundary condition might be implemented using a constraint named \Dirichlet" by the rule\dirichlet ! ux  left ! u". Here the constraint is used to limit the application of the ruleonly to boundary faces.De�nition 3.13 A constraint quali�er is of the form CONSTRAINT (clist) where clist consistsof a comma separated list of variable accessors. The constraint set is formed from the intersectionof the domains of these variable accessors.3.2.2.3 Variations on a Theme: ParametersConsider the speci�cation of the di�usion constant in the example at the beginning of thischapter. By de�nition, this di�usion constant is a single value that is accessible to all entities inthe simulation. For this we need a store with a special guarantee, that for all entities it de�nesthe same value, or a singleton guarantee. For this, the parameter is de�ned that provides thesesingleton semantics.De�nition 3.14 A parameter de�nes a singleton, or mapping from a set of entities to a singlevalue. Thus, for a variable identi�ed as �, a parameter mapping is identi�ed by the set � =f(i; v)ji 2 dom(�)g.3.2.2.4 Variations on a Theme: ReductionsIn the numerical di�usion equation example given at the beginning of this chapter, a time-stepwas supplied by the user. As a matter of practice, explicit (and sometimes implicit) formulationsof numerical algorithms become unstable if the time-step exceeds a certain stability limit. In



30production applications, the time-step will be determined by a computation of the maximumtime-step that would not exceed a stability limit for any computational entity. Since the stabilitylimit may depend on the solution variables themselves, the time-step may become a function ofthe entire set of solution variables. In a parallel environment, functions that compute a singlevalue from a distributed variable set can be a source of scalability problems. For example, if allof the variables are sent to a single processor to evaluate this function, a performance bottle-neckwould develop. Instead, these functions are evaluated by way of a reduction operation.A reduction operation can be de�ned by any function that can be decomposed accordingthe the Bird-Meertens formalism[36]. This formalism identi�es a class of functions that canbe decomposed into two distinct components: a function that is applied to each element ofa container, and an associative binary operator that has an associated identity element. Theadvantage of identifying this structure is in the parallel execution of these \global" functions.The Bird-Meertens formalism provides a means of describing what are otherwise known asreduction operations. In this abstraction, a reduction is described by a function composed of threecomponents: a function that is applied to a set of values, an associative, commutative operator �that is de�ned on the type returned by the above mentioned function, and and identity elementof operator �, e. Thus a reduction, r, over values, fviji 2 [1; N ]g, using function f and operator� is de�ned as r = f(v1)� f(v2)� � � � � f(vi)� � � � � f(vN ): (3.18)When the reduction is evaluated using a left or right precedence rule, then a sequential evaluationis derived; however, the associative property of � allows for di�erent parallel evaluation orders.For example, the set of values can be partitioned into subsets that can be evaluated concurrentlyas in r = fe� f(v1)� f(v2) � � � � f(vp)g � fe� f(vp+1)� � � � � f(vN )g; (3.19)where the identity element is used to initialize each subset. Parallel partitioning of reductionoperations can be expressed when given three basic computational methods identi�ed as unit,apply, and join, as listed in table 3.4. The unit rule initializes a reduction variable to the identityelement, the apply rule \accumulates" results of a function application to a set of values and the



31join operation \accumulates" two partial results. The algorithm for partitioning this reductionoperation among parallel processors is accomplished by creating a copy of the reduction variableon each processor participating in the reduction. Each reduction variable is initialized to theidentity, and then followed by the application of all apply rules that are in that processor'spartition. Finally the partial results for each processor are reduced to the �nal result using ajoin operation. Table 3.4: Basic Reduction StepsRule Type Function Rule SignatureUnit Rule r0i = e r  CONSTRAINT (v); UNIT (e)Apply Rule rj+1i = rji � f(vi) r  r; v; APPLY (�)Join Op rm+ni = rmi � rni Derived (No signature)3.2.3 Rule SemanticsEvery numerical simulation can be described by calculations on a �nite set of entities. Thismaximal set of entities becomes the identity of the intersection operation on sets of entities inthe simulation.De�nition 3.15 The universe of entities, represented by Z, is de�ned as the set that contains allentities in the problem description.De�nition 3.16 The context of a rule is de�ned as the intersection of the domains of all variableaccessors and constraints in the rule speci�cation. A rule actually represents a set of productionrules where each entity in the context of a rule represents a production.A constraint quali�er, in addition to limiting the context of a rule to some set of values,also provides a guarantee that the rule will provide context for all entities in the constraint. Ifthe intersection of the constraint and the context does not result in the constraint set, then thespeci�cation of the rule is inconsistent.The semantics of a store provides that only one value can be assigned for each entity. Likewise,the semantics of the parameter speci�es that only a single value can be assigned to a parametervariable identi�er. This is similar to a single assignment semantic, but it di�ers slightly in that itis rather a speci�cation of value uniqueness. For example, it is possible that the same rule may



32be applied twice to obtain an identical value. The implication of these semantics are that anyspeci�cation that involves assigning multiple distinct values to the same entity in a store or to aparameter is an ambiguous speci�cation.3.2.3.1 Point-wise Rule SemanticsThe most common rule that is involved in typical numerical PDE solution algorithms is thepoint-wise application of a calculation over a set of entities. The body of the rule speci�cationdescribes how information is brought to the site of computations, while these computations createvalues that are bound to the variables in the head of the rule speci�cation.De�nition 3.17 A point-wise rule provides a set of values for every entity in the rule context andbinds them to store values (possibly using a mapping operator) speci�ed in the head of the rule.The point-wise rule is a rule of production, and as such the computation that provides values isassumed to be referentially transparent.Point-wise rules include recursive speci�cations where the computed variable identi�ed in thehead also exists in the body. Note that point-wise rules must comply with the semantics of thestore, which dictates that for each variable bound to a store, there can be at most one valuebound to any entity. Thus recursion always involves the mapping operator, and the number oflevels of recursion is restricted by the number of entities described in the database. Point-wiserules are the only rules that have semantics that allow recursion.De�nition 3.18 A parameter rule is de�ned when the rule head consists of a parameter and therule body does not contain any store variables. In this case the rule computes a single value thatis bound to the parameter speci�ed in the head.3.2.3.2 Reduction Rule SemanticsA variable (store or parameter) may be de�ned by either point-wise rules or reduction rules,but not both. When a variable is de�ned by reduction rules, then its value is the result of aset of rule applications. The process of generating the reduction begins with the application ofthe unit rule. No value for a reduction can be generated without �rst binding a unit value tothe target entities. This is accomplished through the application of a unit rule. The unit rule is



33identi�ed through the UNIT (e) quali�er. Typically the unit rule has a constraint quali�er thatlimits which entities are included in the computation. Once a unit rule has been applied to aset of entities, all apply rules, identi�ed through the APPLY (�) signature, are applied to theunit rule initialized entities. It is guaranteed that each apply rule will be applied only once foreach entity in its context. Once all apply rules complete, the �nal value of the entity is uniquelyspeci�ed based on the assumption of the commutative and associative properties of the operatorin the apply rules. Recursion is not allowed in reduction rule speci�cations for either unit orapply rules.3.2.3.3 Stationary Rules and Time PromotionIn addition to point-wise, parameter, unit, and apply rules, there are a set of rules thatare automatically generated when needed. These rules involve importing information into eachiteration level, and are provided to reduce the tedium of making a complete speci�cation. The�rst of these automatically generated rules is a promote rule: this rule duplicates values fromvariable identi�ers lower in the iteration hierarchy. For example, a promote rule may promoteposition values from stationary time to the n iteration level as in \xfng  x; PROMOTE".Promotion rules are a special case of internally generated rules that have the value preservingproperty. That is, one can safely assume for this example that x = xfng. To avoid con
icts withexisting rules, promotion rules are only generated for variables that are not already computedby other rules within a given iteration level.Another form of generalization with respect to iteration occurs with stationary rules, or ruleswhere �h = �b = �stationary . These rules represent generic transformations that should holdregardless of iteration level. Consider example 3.2 where pressure is obtained from density, amixture gas constant, and temperature. This gas law relation is independent of iteration, forexample \pfng  �fng; ~Rfng; Tfng" should be equally valid. In general, rules that apply atconstant time should be transportable to di�erent iteration levels. Without this kind of rulepromotion, many rules would need to be repeated at several iteration levels to accommodatemany di�erent roles of computations in the solver. To support this view of rule speci�cation, anystationary rule may be promoted to any iteration level by renaming all variables in its signature.This sort of promotion leads to alternative derivation paths as illustrated in �gure 3.3. Sincevariable promotion and rule promotion can both be applied, it is possible to �rst promote the



34variable and then promote the rule, or instead to apply the rule and then promote the results.However, since the semantics of these rules preserve value, either path will produce the sameresults. The particular path chosen depends on the priorities placed on memory e�ciency versuscomputational e�ciency in scheduling.
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Figure 3.3: Two Alternative Promotion Paths from a to bfngThe �nal automatically generated rule is the generalize rule. This rule takes the absolute o�setresults computed by build rules and generalizes these results to relative o�sets. For example,qn<-qn=0, GENERALIZE. This generalization rule is identi�ed by a the GENERALIZE quali�er.It is of a similar form to the promotion rule except that the target variable always has a relativeo�set while the source variable always has a absolute o�set. Like promotion rules, these rulespreserve value. 3.3 SummaryThis chapter has developed the necessary data structures and production rule speci�cationsrequired to describe numerical computations on unstructured meshes. The database structureborrows basic ideas from relational structures and includes an approach of binding attributes toentities. These attributes have two basic forms: 1) those that bind values to entities, and 2)those that form relations between entities. These basic structures are summarized in �gure 3.4.Computations are described within this speci�cation system utilizing a variation of the Hornclause. These Horn clauses represent the satisfaction of computations in the numerical model.They are divided into a few major classes including point-wise rules, parameter or singleton



35
parameter

maps many entities
to a single value

store
maps entities to
values

→ 11 → 1n

constraint
specifies a set of
entities

map
maps entities
to entities

n m→

Figure 3.4: Four Basic Database Constructsrules, and the reduction generating unit and apply rules. Increased 
exibility is admitted byallowing recursive point-wise rules, however their recursion is guaranteed to be bounded due tovalue uniqueness that is ensured by the store and parameter database structures. This valueuniqueness also provides a means of checking the consistency of a schedule, since it prohibits tworules from specifying con
icting attributes for any given entity. In addition, convenience rules arediscussed which facilitate moving information into iteration levels without explicit speci�cation.



CHAPTER IVEXECUTION SCHEDULE GENERATIONThe purpose of de�ning a speci�cation language for describing numerical solution methods isto facilitate economical and correct implementations of numerical simulation programs. In thisrespect, Fortran can be considered a speci�cation language, albeit a low level one. The process ofconverting the speci�cation described in chapter III into a numerical simulation program requiresscheduling of rule subroutines, much like Fortran requires compilation to generate an executableprogram. Unlike Fortran, this scheduling step must occur at run time. An execution schedule forrule subroutines is developed through a three step process. The �rst of these steps constructs avariable dependency graph. This dependency graph indicates the connections between variablesthat is implied by the rule database. The second step, identi�ed as the existential analysis,computes the attributes that are de�ned for each entity. Finally, a pruning stage computes theentities that are required for the computation. The results of the pruning stage are then used togenerate an execution schedule.4.1 The Dependency GraphThe dependency graph is a directed graph that describes the 
ow of data through rulespeci�cations. In this graph, both rules and variables (attribute names) are vertices, while datadependencies are indicated by graph edges. There is a symmetry between rules and variables:edges connect variables to rules, and then rules to variables, whereas rules to rules or variable tovariable connections do not exist. The dependency graph is generated using rule signatures: foreach variable in the body of a rule there is an edge from that variable vertex to the rule vertexand for each variable in the head of a rule there is an edge from that rule to the head variable.Thus a collection of rule signatures forms a dependency graph as illustrated in �gure 4.1.36
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e<-d,cb Figure 4.1: An Example Data Dependency GraphAt this stage, a dependency graph has been described for the rules stored in the rule database.Additional \derived" rules must also be placed in this dependency graph before it can be used togenerate the execution schedule. These derived rules include the promotion of stationary rulesand the generation of PROMOTE and GENERALIZE rules. Once these rules have beenadded to the graph, the dependency graph represents a data 
ow graph of all possible programsthat may be derived from this rule database. It may not actually be necessary to derive thisentire graph since the set of given facts can be used to prune this graph to include only thoserules that will be executed.De�nition 4.19 A dependency graph is de�ned by the ordered pair G = (V;E) where V = R [Vis de�ned by the union of rule signatures, R, and variable identi�ers, V, while the set E consistsof ordered pairs of the form (r; v), or (v; r), where r 2 R and v 2 V. If (r; v) 2 E then v must bean output of rule speci�cation r, likewise if (v; r) 2 E then v must be an input of rule speci�cationr. 4.1.1 Partitioning the Dependency GraphIn the process of analyzing the dependency graph it is sometimes useful to remove a collectionof rules from the graph so that di�erent scheduling policies can be applied to them. Removingrules from the graph is accomplished through a graph partitioning procedure. A partition of thedependency graph, G = (V;E), is formed based on a given subset of rules, Rp � R, where the



38local variables of the partition, denoted as Vp, are given byVp = fvj [(v; r) 2 E _ (r; v) 2 E]) (r 2 Rp )g: (4.1)The subgraph of G, denoted by Gp = (Vp; Ep) where Vp = Rp [Vp and Ep = f(n1; n2)j(n1; n2) 2E; n1 2 Vp; n2 2 Vpg, forms the dependency graph of the partition. The partition of the graph isformed by removing the vertices, Vp from G and then inserting a new node that represents theexternal dependencies of the removed nodes. This new node, represented as rp, is a pseudo-rulethat has input edges speci�ed by Ip and output edges speci�ed by Op , where Ip = f(v; rp)jv 62Vp; (v; r) 2 E; r 2 Rpg, and Op = f(rp; v)jv 62 Vp; (r; v) 2 E; r 2 Rpg. Thus the new dependencygraph, after partitioning is completed, is given as �G = (�V ; �E) where �V = (V � Vp) [ frpg and�E = (E [ Ip[ Op )�Ep.
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Figure 4.2: Partitioning a Dependency GraphTo illustrate the partitioning of a dependency graph, consider the graph in �gure 4.1. If thisgraph is partitioned based on the rule set Rp = f(d  a; c); (d  b; c); (e  d; c)g, then the set



39variables local to the partition is given by Vp = fdg, while the graphs Gp and �G are illustratedin �gure 4.2. The generation of the pseudo-rule e  a; b; c is used to represent the partitiondependencies of Gp in the partitioned graph �G.4.1.2 Partitioning the Iteration HierarchyA simpli�cation of the dependency graph can be accomplished by partitioning it based oniteration levels. This is accomplished by sorting rules based on the maximum of the headand body times (�h and �b). If the partitioning proceeds from the leaf nodes of the iterationhierarchy to stationary time, then the partitioning will form a hierarchy of graphs that mimics theiteration hierarchy. Once this partitioning is performed there is a separation of concerns relatedto iteration: each level of iteration is described by an independent dependency graph. Thuscomputations that are performed by an iteration will appear as a pseudo-rule in the dependencygraphs that use these results, hiding many of the particular details involved with analysis ofiterations. 4.1.3 Treatment of Recursive DependenciesThe �rst step in generating an execution schedule is determining the order in which rules mustbe satis�ed. When the dependency graph is a directed acyclic graph (DAG), this execution ordercan be determined using a topological sort[37]. Unfortunately, the graph is not guaranteed to bea DAG, since rules may include recursive speci�cations. Notice, for example, that the recursiverule c a; c in �gure 4.1 forms a loop. Actually, a recursion loop in the graph represents iterationover entities, and so a loop of this form must be repeatedly evaluated until all attributes havebeen generated. In order to transform this dependency graph into a DAG, it is necessary toremove these recursive loops so that they may be treated separately. This is done by notingthat recursion produces strongly connected components in the dependency graph. (A stronglyconnected component is de�ned as a subset of vertices of a directed graph where each vertex in thesubset is reachable from every other vertex.) For example, the strongly connected componentformed by the recursive speci�cation in �gure 4.1 is the rule c  a; c plus the variable c, asillustrated by the shaded section of �gure 4.3.The strongly connected component of �gure 4.3 can be removed from the graph in such a wayas to recover a DAG. This is accomplished by �rst noting that a strongly connected component
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e<-d,cbFigure 4.3: Identifying Recursion as a Strongly Connected Componentwill consist of a set of rules and a set of variables. (There must be at least one variable and onerule due to the lack of edges directly between rules or variables.) It is not possible for two stronglyconnected components to share a variable since in this case both strongly connected componentswould become strongly connected to one another (and thus not individual components). Thestrongly connected components of a graph can be identi�ed e�ciently using common graphalgorithms[37]. Strongly connected components can be removed from the dependency graph bypartitioning the graph. Unfortunately, a straightforward partitioning based on the rules in thecomponent set does not remove the recursive loop from the graph. In order to remove this loopit is necessary to create input and output versions of the variables included in the component.This is accomplished by aliasing all variables1 of the strongly connected component to inputand output versions and then moving all edges that connect to the component variables totheir input aliases and likewise all edges leaving the component variables are reconnected to theoutput aliases. Now the component variables are local to the partition, thus the pseudo-rule thatrepresents the component will not be recursive, as illustrated in �gure 4.4.4.1.4 Treatment of IterationIn addition to partitioning the dependency graph based on iteration, there is a need topartition iteration dependency graphs into components that initialize the loop and componentsthat perform the iteration. The approach to identifying the looping component involvestemporarily adding edges to the graph that represent the relabeling of variables that occurs1Aliasing temporarily violates the assumption that variables do not connect to variables. This violation isremoved once the partitioning is complete.
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42when iterations advance (e.g., un+1 becomes un). This is accomplished by creating an edge fromevery variable in the graph of the form �f� + �g to the variable �f� + �� 1g. Once these edgesare added, a component sort will identify the looping components as recursion through temporalrenaming. At this point, the added edges are removed from the graph and then a partition ofthe graph is formed using the rules identi�ed by the strongly connected component.4.1.5 Summary of Dependency Graph AnalysisAt this stage the dependency graph has been generated. It has been sorted such that itforms a hierarchy of DAGs. This hierarchy of DAGs is composed of three principal types ofpseudo-rules: 1) pseudo-rules representing recursion over entities, 2) pseudo-rules representingthe creation of iteration, and 3) pseudo-rules that de�ne the iteration loop itself. Also, sinceall of the analysis made thus far only depends on the rule database, these computations can beperformed just once, when the rule database is assembled, rather than at every simulation run.In addition, since these computations are independent of the size of the mesh, their expense doesnot grow with the simulation size.4.2 Existential DeductionThere are fundamentally two types of queries that can be made regarding attributes: whatentities have attribute �, and what are the values of attribute � for some set of entities. Note thatknowing the value of an attribute implies existence; however, while knowledge of values requiresactual execution of rules, the existence of attributes can be derived before an execution scheduleis generated. In fact, this existential information is required in order to generate an executionschedule. The derivation of this information is called the existential deduction phase of schedulegeneration. The existential deduction is determined by the function �(�; F;R) which returns theset of entities that have attribute described by the variable named � given the database of facts,F, and the database of rules given in R. This function is expressed as the union of more primitiveexistential functions as in�(�; F;R) = �(�; F) [8<: [rj2R�(�; F;R; rj )9=; ; (4.2)



43where �(�; F) represents the existence of entities due to de�nition in the fact database F, while�(�; F;R; rj ) represents the attributes that are provided by rule rj .The solution of equation (4.2) represents the existential deduction. This function has twoimportant properties: it is monotonic and bounded with respect to F and R. The function ismonotonic since rules may only add attributes to entities, thus any addition of rules or factscan only create additional attribute bindings. In addition since rules create values (stores andparameters), not entities (maps and constraints), the set of entities given by �(�; F;R) cannotbe any larger than the set of all entities described in F. These points will become evident as thederivation of the speci�c rule deductions, �(�; F;R; ri ), are discussed.4.2.1 Existential Deductions for Point-wise RulesThe existential deduction for point-wise rules involves the entity by entity application ofmodus ponens. For example, given the rule c a; b, an attribute c is implied by the satisfactionof attributes a and b. Thus the existential function for this rule is written as the intersection ofthe existential functions of a and b:�(c; F;R; c  a; b) = �(a; F;R) \ �(b; F;R): (4.3)Thus if a is de�ned on the interval [0 � 10] and b is de�ned on the interval [5 � 15], then c isde�ned by this rule over the interval [5� 10].If a mapping is speci�ed in the body of a rule (as in c m! b) then this mapping must beincluded in the existential deduction. Following a similar procedure to the one described above,the existential results of applying a mapping can be given as� �!� = fiji 2 �(�; F;R) ^ [(i; j) 2 � ) j 2 �(�; F;R)]g (4.4)As an example, consider a map given asm = f(1; 0); (1; 10); (2; 0); (3; 10); (4; 11)g and an attributeb that is de�ned on the interval [5; 15], then following equation (4.4) the existential mapping,m �! b, produces the interval [3; 4].This gives the basic approach for determining the existential deduction for point-wise rules:the point-wise rule speci�es attributes at the intersection of the arguments in its body. For the



44general case of a rule given by the signaturerp = � �1 ! �1; �2 ! �2; � � � ; �i ! �i; � � ��n ! �n; �n+1; � � � ; �j ; � � ��m; constraint; (4.5)where constraint consists of a set of entities that satisfy a given constraint equation, then theexistential deduction for rule rp can be given by:�(�; F;R; rp ) = \i=1���n h�i �!�ii \ \j=n+1���m [�(�j ; F;R)] \ constraint: (4.6)Equation (4.6) is a formalization of the property that a rule cannot have a well formed resultunless the information speci�ed in the body can be provided. Notice that this rule, in combinationwith equation (4.2), forms a recursive speci�cation of existential deduction. The evaluation ofthe existential function (4.2) when recursive rule speci�cations are present requires an iterativeevaluation procedure. 4.2.2 Existential Deductions for Singleton RulesSingleton rules represent a single value computation that is associated to a collection ofentities. This interpretation of value is given by the parameter database construct. The referentialtransparency of rules means that this calculation can be viewed as a single computation or as acollection of computations carried out for each entity represented by the parameter without loss ofcorrectness. Since existential deduction does not require values to proceed, either of these modelscan be evaluated with equal e�ciency. By assuming that the singleton rule evaluation representsa computation for each entity that is satis�ed, the existential deduction for the singleton rulecan be computed by way of the point-wise rule equation (4.6).4.2.3 Existential Deductions for Reduction RulesUtilizing the join operation, reductions are accomplished by way of two rule speci�cations: aunit rule and a collection of apply rules. Since the apply rules are only invoked for entities thathave been initialized to the unit value, apply rules cannot create attributes. Thus apply rulescan be neglected for the purposes of existential deduction. Only unit rules need to be considered



45during the existential deduction phase. The existential deduction for unit rules can proceed usingequation (4.6). 4.2.4 Evaluating �Equations (4.2) and (4.6) form the description of the existential deduction. These equationscombine to form a recursive speci�cation, and so an implementation of the existential deductionis not straightforward. However, it is possible to develop an iterative algorithm to solve theseequations. The iterative algorithm begins with the existential properties of the facts in F as aninitial guess to the solution of �. Thus the �rst step of the iterative algorithm begins with�0(�; F;R) = �(�; F): (4.7)Once this initial guess for � is established, a re�ned guess can be constructed by determiningwhat new attributes are generated by rules in R. This iterative procedure is accomplished bysolving �n+1(�; F;R) = �n(�; F;R) [8<: [rj2R�n(�; F;R; rj )9=; : (4.8)This iterative method will produce a monotonically increasing series of estimations for �. Giventhat the number of entities is bounded by the �nite set Z and that the number of attributes issimilarly bounded for any �nite speci�cation, then this iterative algorithm will always converge2in a �nite number of steps.4.3 Pruning and Schedule GenerationThe existential deduction and the execution schedule are closely related: the existence of anattribute is implied either because it was given or because it can be computed. Thus it is notsurprising that the iterative algorithm for performing the existential deduction can in turn be2Convergence is obtained when �n+1(�; F; R) = �n(�; F; R) for all �. At this point, further iterations will notproduce any additional information.



46used to produce an execution schedule. Notice that each step of the iterative algorithm given byequation (4.8) produces a set of computed attributes given byCn(�; F;R) = �n+1(�; F;R) � �n(�; F;R): (4.9)Moreover, since each of the computed values in Cn only depends on values computed in previousiterations of the algorithm, the computations described by Cn are free of serializing dependencies(i.e. concurrent). Unfortunately, the schedule generated in this fashion will compute all possibleattributes that can be computed from the attributes speci�ed in the fact database. In generalwe would like to prune this execution schedule to only those calculations that contribute to therequested goal.The execution schedule denoted by equation (4.9) can be pruned so that it only includesthose calculations required to provide the requested variables. The pruned schedule is obtainedby transposing the head and bodies of rule speci�cations. For example, rule a  b; c can berepresented as the \need" rule, b; c a (can be read as `a' generates need for `b' and `c'). Oncethe set of transposed rules is generated, the pruning is performed by calculating an existentialdeduction for the transposed rule database given the existential information derived for therequested variables. For this transposed rule set, the existential deduction derives variablerequests. Thus the pruning step can be de�ned asP�(�; G ;R) = �(�; G ;RP ); (4.10)where the goal fact database, G , is de�ned such that�(�; G ) = 8>><>>:�(�; F;R) if � 2 goal;fg otherwise; (4.11)while RP contains the transposed rules of R. Finally the pruned execution schedule is given bythe sequence of pruned computations that are derived by equation (4.9), as given in the algorithmshown in �gure 4.5.



47do n = 0; � � � ; num stepspardo ri 2 Rpardo e 2 �(�; F;R; ri ) \ Cn(�; F;R) \ P�(�; G ;R)evaluate ri for entity eendpardoendpardoenddoFigure 4.5: Derived Parallel Execution Schedule4.4 Schemes for E�cient Schedule GenerationThe previous section described the generation of an execution schedule using the results ofthe existential deduction. At �rst glance it may appear that the existential function � should beexpensive to compute. However, the identi�cation of a few common properties of simulations ofthis class can be used to yield an e�cient schedule generation algorithm. First some discussionneeds to be made with regard to basic utilities required to evaluate equation (4.8). For example,the existential deduction algorithm involves �nding the unions and intersections of sets of entities.In general, entities are identi�ed by sets of integer identi�ers. Moreover, these integer identi�erstend to be labeled in contiguous segments: entities labeled [1; � � � ; 10000] may represent the facesin the problem, for example. Thus entities of like kind are typically grouped together. As a result,it is advantageous to represent sets of entities by a list of intervals. If an ordering is maintainedon these intervals, then intersection and union operations can be obtained with work on the orderof the number of intervals[37]. Since the number of intervals is typically small and independent ofproblem size, most of these intersections and unions can be accomplished in e�ectively constanttime. In addition, it is assumed that before the existential deduction begins, transposes of allmaps can be pre-computed. This transpose can be performed with work proportional to thenumber of elements in the map. Thus as a preamble to the discussion of the evaluation of �,it is assumed that unions and intersections can be performed very quickly on very large sets ofentities, and that the transposes of maps have been pre-computed at little cost.33These transposes can be disposed of before execution of the schedule, so their memory cost is hidden by thememory requirements of the simulation.



484.4.1 Optimizations for Evaluation of �The iterative algorithm for existential deduction described by equations (4.7) and (4.8)implicitly contain the dependency graph described earlier. This is due to the recursive dependenceof the � function, as described in equation (4.6). Thus the information that was developed in theformulation of the dependency graph can be used to optimize the evaluation of �. For example,if the goal variables are linked back to the given facts in the dependency graph, a component sortcan be used to identify those rules that will participate in the computations. Thus it is possibleto reduce the set of rules that need to be considered in the evaluation of �.The most important use of the dependency graph is the separation of cyclic structures. Oncethe dependency graph is represented as a DAG, then � is no longer a recursive function. Forthis case, a topological sort of the dependency DAG produces a sequence of attributes for which� can be evaluated without iteration. Since the recursive elements of the speci�cation can bepartitioned out of the dependency graph, it is straightforward to reserve the more general iterativealgorithm for these recursive speci�cations.It is not possible to completely avoid the recursive nature of the existential deduction if therule database includes recursive speci�cations. In this case it is necessary to evaluate the moregeneral � function. However, in this case it is possible to limit the analysis to only those rules andvariables that are contained within the recursion component. In addition, it can be noted thatthe new entities that were identi�ed in the previous iteration of the evaluation of equation (4.8)will be the source of the critical information that is required to satisfy rules in this iteration.Thus, the deduction can be limited to a search from those entities described by Cn(�; F;R).The search proceeds by �rst following the transpose of any maps in the rule speci�cation andproducing a list of candidate entities that may be satis�ed by the new information computed inthe previous iteration. Once this list is formed, a straightforward evaluation of equations (4.4)and (4.6) for this list will produce the values for �n+1. Thus the evaluation of the existentialdeduction for recursive blocks is of the order of the product of the number of recursive variablesand the number of entities deduced.4
4This is assuming that the maps under consideration have a bounded valence.



CHAPTER VA NUMERICAL MODEL FOR INVISCID FLOWS WITH FINITE-RATE CHEMISTRYIn this chapter a numerical model for 
ows of chemically reacting gases is discussed in somedetail. The particular model employed in the following sections will neglect transport terms suchas viscosity, heat conduction and mass di�usion. Although many important 
ow regimes involvethese terms, there are several classes of problems which can be solved under these assumptions: forexample, high speed 
ows over blunt bodies, rocket nozzle combustion, and pre-mixed detonation.In addition, the development of an inviscid numerical model is an important �rst step in thedevelopment of a more general modeling capability.This chapter is divided into two sections: the �rst one describes the mathematical modelof the physical phenomena of interest (these are the model equations that are approximatednumerically); the second one describes the numerical model that is generated by developingdiscrete numerical approximations to the mathematical equations.5.1 Model EquationsThe development of a numerical model for mixtures of chemically reacting gases begins witha model of 
uid motion. Gases can be modeled by the Navier-Stokes equations in cases wherethey can be treated as a continuum. This continuum hypothesis holds in most circumstancesof engineering interest, with an exception for extremely rare�ed gases (which are found at theedge of the atmosphere, for example). The Navier-Stokes equations are an open model: they areincomplete by themselves, and require additional equations to produce a complete (closed) setof equations. The mathematical model for chemically reacting gases is developed by providingthe Navier-Stokes equations with the proper closure equations.
49



505.1.1 The Navier-Stokes EquationsThe Navier-Stokes equations are derived from continuum mechanical interpretations of thephysical conservation laws. The derivations will not be presented here, but can be found in avariety of texts. The form of the equations presented here were derived in Warsi's text[38].The Navier-Stokes equations are composed of three separate equations: a mass conservationequation, a momentum conservation equation, and an energy conservation equation. Theequations are de�ned in terms of the continuum �eld variables density, �, velocity, ~u, totalenergy, e0, pressure, p, and temperature T . The �rst of these equations, the mass conservationequation, is given in tensor form by the equation@�@t + div(�~u) = 0: (5.1)Similarly the momentum conservation equation is given by@@t (�~u) + div(�~u~u+ p~~I) = � ~f + div ~~�; (5.2)where the deviatoric stress tensor, ~~�, is given in Cartesian form as~~� = (�div ~u) ~~I + � �grad ~u+ (grad ~u)T � : (5.3)In this equation, � represents the 
uid viscosity, while � is normally derived from Stokes' lawwhich states that 3� + 2� = 0. The vector function ~f represents a body force such as a forceexerted by gravitational or electro-magnetic means.The �nal equation of the Navier-Stokes equations is the energy conservation equation. Thisequation, expressed in terms of the total energy, e0 = 12 ~u � ~u+ einternal, is given by the equation@@t (�e0) + div ((�e0 + p) ~u) = div �~~� � ~u�+ div (k grad T ) + �� ~f � ~u� : (5.4)In this equation, k is the thermal conductivity of the 
uid. The inviscid formulation of theNavier-Stokes equation is found by taking the limit of these equations as � approaches zero.Typically an inviscid formulation also implies the additional assumption of k = 0.



515.1.2 Closure Using Finite-Rate ChemistryThe Navier-Stokes equations leave pressure unde�ned. Thus pressure must be de�ned beforethey represent a complete model. For the example described here, pressure will need to be de�nedin terms of a 
uid that is in chemical non-equilibrium. The complete speci�cation of pressure interms of �nite-rate chemistry equations will complete the model.For the model equations presented here, pressure is determined from Dalton's Law, whichstates that the pressure of a mixture of gases is the sum of the partial pressures. Each speciespartial pressure is obtained from the ideal gas law. Thus the model equations assume a mixtureof thermally perfect gases that have a pressure de�ned by the equationp = NSXs=1 ps = NSXs=1 �sRsT; (5.5)where NS is the number of gas species in the mixture, Rs is the species gas constant, and �s isthe species density. The species gas constant is computed by the equationRs = R̂Ms ; (5.6)whereMs is the species molecular mass, and R̂ is the universal gas constant.For a chemically reacting 
ow, the 
uid will contain a mixture of reactants (chemical species).Each 
uid element will have a fraction of its mass allocated to each species, as represented bythe variable Ys = �s=�. For each chemical species, a conservation equation that is similar to theglobal mass conservation equation can be written as follows@�s@t + div(�s~u) = _ws; (5.7)where _ws is the rate of production of species s due to chemical reactions. Assuming there areNS species, then the conservation of mass of equation (5.1) requires thatNSXs=1 _ws = 0: (5.8)When this holds, the species equations given in (5.7) are consistent with equation (5.1).



52Equation (5.5) relates pressure to temperature, T . The Navier-Stokes equations are expressedin terms of conserved variables such as momentum and energy and do not directly describetemperature, which is determined from the internal energy of the gas. Recall that e0 = 12 ~u �~u + einternal where einternal is the internal thermodynamic energy of the gas. The relationshipbetween einternal and temperature is given by the caloric equation of state. For a gas consistingof a mixture of species, the caloric equation of state is computed as the sum of species energies,as in einternal = NSXs=1 Yses: (5.9)For ideal gases, the relationship between internal energy and temperature is linear. For mostreacting gases, however, the billiard-ball model of a gas composed of indivisible structurelessparticles breaks down. Molecules, in addition to having translational movement like a hardsphere, can also have rotational and vibrational modes. At su�cient temperatures theseadditional e�ects lead to a non-linear relationship between internal energy and temperature.These gases are termed calorically imperfect. The general form of the equation for species energyin a calorically imperfect gas is given by the equationes = Z TTref cvs(�)d� + hf s; (5.10)where hf s is the species heat of formation, or the energy required to create that species at Tref ,and cvs is the species speci�c heat. If the components of the species internal energy (translational,rotational, and vibrational) are assumed to be in thermodynamic equilibrium, and the vibrationalmode is modeled using a simple harmonic oscillator[39], then the species energy is given ases = nsRsT + NV T sXv=1 Rs�v;se�v;s=T � 1 + hf s; (5.11)where NV T s is the number of vibrational modes, �v;s is the vibrational temperature(s), and nsspeci�es the translational and rotational contributions to internal energy.At this stage, the equations will be closed once the species production rates, _ws, are speci�edfor a general chemistry model. One can represent chemical reactions as a set of equations of the



53form�01;rX1 + � � �+ �0s;rXs + � � �+ �NS;rXNS � �001;rX1 + � � �+ �00s;rXs + � � �+ �00NS;rXNS ; (5.12)where Xs are the species names, whereas �0s;r and �00s;r are the stoichiometric coe�cients of thereactants and the products, respectively. Given these reaction equations, the species productionterms can be expressed as by the equation_ws = �d�sdt �chemistry =Ms NRXr=1(�00s;r � �0s;r)24kf;r NSYl=1� �lMl��0l;r � kb;r NSYl=1� �lMl��00l;r35 ; (5.13)where NR is the number of reactions, and kf;r, kb;r are the forward and backward reaction ratesfor reaction r. For a detailed derivation of equation (5.13) see Vincenti and Kruger[39] chapterVII.Generally the forward and backward reaction rates are determined through empirical meansand are tabulated through the use of curve �ts. The most common curve �t used for chemistryreaction rates is the Arrhenius equation, given asK(T ) = CT �e��=T : (5.14)At this point the mathematical model is complete { there is su�cient information to closethe Navier-Stokes equations. There are some additional concerns, however, which relate tothe equilibrium conditions, or those conditions that exist when su�cient time has passed forthe composition of the gas to remain constant due to the internal balance of production andconsumption of species. When the equilibrium condition is met, _ws should be zero for all species.Thus, equation (5.13) implies that the equilibrium mixture satis�es the equationKc;r = kf;rkb;r = 2664QNSl=1 � �lMl��0l;rQNSl=1 � �lMl��00l;r 3775equilibrium : (5.15)In equation (5.15), Kc;r is the so called equilibrium constant (which is actually a function oftemperature). The value for Kc;r can be determined by two di�erent means. As can clearly beseen,Kc;r can be determined from the forward and backward reaction rates. In addition, like most



54equilibrium states, Kc;r can be determined from thermodynamic analysis. Typically reactionrates are di�cult to measure accurately, and as a result the equilibrium constant dictated by theforward and backward reaction rates may not be consistent with the thermodynamic propertiesof the species participating in the reactions. A common practice used to resolve this potential forinconsistency is to provide a forward(backward) reaction rate and then use the thermodynamicequilibrium Kc;r to compute the complementary backward(forward) reaction rate. Thus theequilibrium conditions are consistent with the thermodynamic properties of the species, whilethe rates of reactions match empirical values.The thermodynamic Kc;r is determined by the minimization of the mixture's Gibb's freeenergy. The expressions for the thermodynamic Kc;r presented here are borrowed from the workof Carey Cox [40]. From that work, the equation for Kc;r is given asKc;r = �pref~RT �PNSs=1��00s;r��0s;r� exp"� NSXs=1
s(T )��00s;r � �0s;r�# : (5.16)In the previous equation the function 
s(T ) is determined by satisfying the equation
s(T ) = 1RsT "Z TTref cps(�)d� � T Z TTref cps(�)� d� + hf s � Tsf s# : (5.17)In general, the solution of this equation depends on the particular thermodynamic model used.For the model stated in equation (5.11), 
s(T ) is given as
s(T ) = 1 + ns + NV T sXv=1 ln�1� e��v;sT �� (1 + ns) lnT + hf sRsT � s0sRs ; (5.18)where s0s is a constant of integration that is derived from measured thermodynamic properties.The value of s0s for this thermodynamic model is given ass0s =(sref )s �Rs(1 + ns) ln(Tref )�NV TsXv=1  �v;s�e�v;s=Tref �Tref � ln(1� e�v;s=Tref )! ; (5.19)where sref is the measured entropy at reference temperature Tref and pressure pref (from 5.16).



555.2 Numerical FormulationThe numerical solution of the chemically reacting 
uid equations presented in the previoussection is obtained by applying the �nite volume method. This method is frequently used becauseit can guarantee that numerical truncation error does not violate conservation properties. Inthis study, the method is applied to the species conservation equation (5.7), the momentumconservation equation (5.2), and the energy conservation equation(5.4). Since the model ofinterest is inviscid, �, k, and ~f are assumed to be zero.1 Thus, the model equations expressed inintegral form for an inviscid gas can be be written as followsZ
(t) @@t�s dV + Z
(t) div(�s~u) dV = Z
(t) _ws dV;Z
(t) @@t (�~u) dV + Z
(t) div(�~u~u+ p~~I) dV = 0;Z
(t) @@t (�e0) dV + Z
(t) div ((�e0 + p) ~u) dV = 0: (5.20)
Before performing the numerical integrations and developing the �nite volume formulation,it is helpful to transform equations (5.20) into a form that is more readily usable in a numericalmethod. In particular, the integration of a time derivative and the computation of the divergenceoperator is expensive to perform numerically. The equations can be transformed in such a way asto remove these terms by making use of two identities. The �rst of these identities describes theprocess of taking time derivatives of integrals over general moving and deforming domains[41].This identity is given asddt Z
(t) f(~x; t) dV = Z
(t) @f@t dV + Z@
(t) f ~u
 � ~n dS; (5.21)where 
 represents the general control volume, @
 is its surface, ~u
 is the surface velocity, and ~nis the outward pointing surface normal. The second identity, Green's theorem[38], is also used toreplace the divergence operators with surface integrals, more readily tackled by numerical means.1A correction term will be described that ensures that the computed solution is the limit of the solution to theoriginal equations as � tends to zero. For now, the distinction between the limit and simply assigning � a valueof zero will be ignored.



56Green's theorem is expressed as Z
 div~u dV = Z@
 ~u � ~n dS: (5.22)The application of these identities to the model equations (5.20) yields the following transformedmodel equationsddt Z
(t) �s dV � Z@
(t) �s(~u
 � ~n) dS + Z@
(t) �s(~u � ~n) dS = Z
(t) _ws dV;ddt Z
(t) �~u dV � Z@
(t) �~u(~u
 � ~n) dS + Z@
(t)(�~u~u+ p~~I) � ~n dS = 0;ddt Z
(t) �e0 dV � Z@
(t) �e0(~u
 � ~n) dS + Z@
(t) (�e0 + p) (~u � ~n) dS = 0: (5.23)
To facilitate the economical description of the numerical solution method, the integralconservation equations (5.23) are rewritten in terms of a conservative 
uid state variable. Inthis form, the conservation equations are written for a cell c, as followsddt Z
c(t)Q dV + Z@
c(t) F dS = Z
c(t) _W dV; (5.24)where the conservative state variable, Q, inviscid 
ux function, F , and chemistry source term,_W , are given by

Q =
2666666666666666664
�1...�s...�NS�~u�e0
3777777777777777775 ; F =

2666666666666666664
�1(~u� ~u
) � ~n...�s(~u� ~u
) � ~n...�NS(~u� ~u
) � ~n(�~u(~u� ~u
) + p~~I) � ~n[�e0(~u� ~u
) + p~u] � ~n

3777777777777777775 ; and _W =
2666666666666666664

_w1..._ws..._wNS00
3777777777777777775 : (5.25)

5.2.1 Numerical Approximations to Spatial IntegralsThe numerical integration of equation (5.24) begins with approximations to volume andsurface integrals. For the volume integrals a second order midpoint rule is used. For example,



57the numerical integration of Q for using the midpoint rule is expressed asZ
c(t)Q(~x; t)dV = Qc(t)Vc(t); (5.26)where Qc(t) is the value of Q at the cell's centroid, and Vc(t) is de�ned byVc(t) = Z
c(t) dV: (5.27)The numerical integration of the surface integral in equation (5.24) is accomplished bysumming the contributions of each of the NF faces of cell c. Each individual contribution isagain approximated using the midpoint rule. The 
ux function itself will require additionalnumerical treatments that will be discussed in later sections. For now, assume that the 
ux canbe approximated by a function, F̂ (Ql; Qr), of conservative values to the left and right of the face.Given this, the numerical integration of F is given by the equationZ@
c(t) FdS = NFcXf=1 Z@
c;f (t) FdS � NFcXf=1Ac;f (t)F̂ (Ql;f ; Qr;f ); (5.28)where the area of the face, Ac;f (t), is de�ned asAc;f (t) = Z@
c;f (t) dS: (5.29)At this point equation (5.24) is numerically approximated by the equationddt [Vc(t)Qc(t)] + NFcXf=1Ac;f (t)F̂ (Ql;f ; Qr;f ) = Vc(t) _Wc(t): (5.30)Notice that the di�erential term that remains in this equation applies to the product of volumeand conservative state vector for the cell. However, the variable that is the objective of thesecalculations is Qc(t), not Vc(t)Qc(t). This problem is solved by applying the chain rule, as inddtQc(t)Vc(t) = Qc(t) ddtVc(t) + Vc(t) ddtQc(t): (5.31)



58The derivative of volume with respect to time can be converted into a spatial integral throughthe use of identity (5.21): Qc ddtVc(t) = Qc ddt Z
c(t) dV= Qc Z@
c(t) ~u
 � ~ndS� Qc NFcXf=1Ac;f (t)(~u
;f � ~nc;f ): (5.32)
This term, known as the geometric conservation law[42], is necessary for correct time integrationwhen mesh deformation is present. Given this, the solution method can now be described interms of a system of ordinary di�erential equations of the formddtQc = Rc; (5.33)where Rc is given by the expressionRc = 1Vc 24Vc _Wc � NFcXf=1Ac;f F̂ (Ql;f ; Qr;f )�Qc NFcXf=1Ac;f (~u
;f � ~nc;f )35 : (5.34)Equations (5.33) and (5.34) describe a system of ordinary di�erential equations thatnumerically model the time evolution of the 
uid dynamics equation when simultaneouslysatis�ed for all cells in the mesh. To represent this fact, the cell subscript c will be dropped.Thus Qc represents the 
uid state for cell c, while Q represents the 
uid states of all cells in themesh. For example, while equation (5.33) represents the cell by cell di�erential equations, theglobal system of equations is given by ddtQ(t) = R(Q(t); t): (5.35)5.2.2 Numerical Approximations to Temporal IntegralsNumerical integration of the system of equations in (5.35) can be performed by a variety ofmethods. For example, a Runge-Kutta scheme can be applied to obtain a solution to this setof equations. For this implementation, a family of schemes as described by Janus [43] is used.



59These schemes are given by the time discretized equation(1 +  )�Qn �  �Qn�1�t = (1� �)Rn(Qn) + �Rn+1(Qn+1); (5.36)where �Qn = Qn+1 �Qn:Equation (5.36) can represent a set of implicit time integration schemes, including the secondorder three point backward (� = 1,  = 12 ), backward Euler (� = 1,  = 0), and Crank-Nicholson(� = 12 ,  = 0). It also includes explicit schemes such as forward Euler (� = 0, = 0).The solution of equation (5.36) forQn+1 givenQn is the goal of the time integration procedure.However, the solution is complicated by the fact that Rn+1(Qn+1) is a non-linear function with anon-trivial inverse. Instead of solving equation (5.36) directly, a common approach is to employthe Newton iterative method for the solution of the non-linear homogeneous equation given byL(Qn+1) = Qn+1 �Qn � �t1 +  �(1� �)Rn(Qn) + �Rn+1(Qn+1)��  1 +  (Qn �Qn�1) = 0:(5.37)The vector form of the Newton method is used to obtain the zero of the vector valued function,L(Q). Consequently, the Newton method should converge to the vector value of Qn+1. TheNewton method proceeds by iteratively solving the equationL0(Qn+1;p)(Qn+1;p+1 �Qn+1;p) = �L(Qn+1;p); p � 0; (5.38)where the Newton iteration is initialized using the previous time-step values, thus Qn+1;p=0 = Qn.Assuming V , A, and u
 are not functions of Q, then the Jacobian, L0(Qn+1;p), is given by the



60equationL0(Qn+1;p) = I � ��t1 +  � @@QRn+1(Q)�= I � ��t(1 +  ) 24@ _W@Q � Xf2faces An+1fVn+1 @F̂ (Ql;f ; Qr;f )@Q � I Xf2faces An+1fVn+1 (~u
;f � ~nf )35 :(5.39)The Jacobian in equation (5.39) is a sparse matrix with dense sub-blocks. The o�-diagonal blocksare terms generated by the 
ux Jacobians, due to their functional dependence on neighboringcells. The assembly of the matrix and the solution of the resulting linear system of equations iscovered in later sections. 5.2.3 Numerical Flux AlgorithmsCare must be taken in the numerical treatment of the inviscid 
ux function F of equation(5.24) in order to avoid oscillatory behavior around solution discontinuities such as shocks.One approach to removing these numerically generated oscillations is to add dissipation to thenumerical 
uxes that damp high frequency signals (of the order of the mesh size). Unfortunately,there is a tradeo� between this damping and the accurate resolution of discontinuities. Althoughthis is an area of current research, it is generally agreed that characteristic based methodsare better suited to resolve solution discontinuities. Speci�cally, the characteristic based 
uxdi�erence split schemes are chosen for the numerical treatment of inviscid 
uxes. These schemesare formulated as a two step process. First, the solution variables are extrapolated from cellcenters to the left and right sides of faces. Then the 
ux at the face is computed based on theleft and right states in an attempt to resolve the correct discontinuous behavior. Many of these
ux formulations involve �nding an approximate solution to the Riemann problem, and thus aretermed approximate Riemann methods. The two methods presented here are Roe's 
ux and theHLLE 
ux.For the 
ux functions presented here it is assumed that the local face coordinates are orientedwith respect to the left and right sides of the face: left is the negative coordinate direction. The



61variable uf is the velocity of the 
uid with respect to the face coordinates and is given byuf = (~u� ~u
) � ~n: (5.40)5.2.3.1 Roe Averaged FluxesThe Roe averaged 
ux formulation is based on a linearization of the Riemann problem Theform suitable for chemically reacting 
ow problems has been developed by Cinnella [44]. Theequations described here are presented in [45] as well.In the following equations, the jump in a variable f from the left to right states will be denotedas [[f ]] = fr � fl; (5.41)while the average of the left and right values is represented ashfi = fl + fr2 : (5.42)Given this notation, the Roe 
ux is written asF̂ (Ql; Qr) = hF i � 12([[F̂ ]]A + [[F̂ ]]B + [[F̂ ]]C); (5.43)where the averaged function, F , is the function described in equation (5.24), while F̂ representsthe 
ux of the Roe approximate Riemann solver.The [[F̂ ]]A term is given by
[[F̂ ]]A = �[[�]]� [[p]]â2 � j�̂Aj

2666666666666666664
�̂1...̂�s...�̂NS~̂uĥ0 � â2=(
̂ � 1)

3777777777777777775+ �̂j�̂Aj
2666666666666666664

[[�1=�]]...[[�s=�]]...[[�NS=�]][[~u]]� [[uf ]]~n�
3777777777777777775 ; (5.44)



62where � = ~̂u � [[~u]]� ûf [[uf ]]� NSXs=1  ̂s ���s� �� : (5.45)Similarly, the terms associated with [[F ]]B and [[F ]]C are given by
[[F̂ ]]B;C = 12â2 ([[p]]� �̂â[[uf ]]) j�̂B;C j

2666666666666666664
�̂1...̂�s...̂�NS~̂u� â~nĥ0 � ûf â

3777777777777777775 : (5.46)
The Roe averaged values for the 
ow variables are given as�̂ = p�l�r; ûf = hufp�ihp�i ~̂u = h~up�ihp�i ; q̂2 = ~̂u � ~̂u; ĥ0 = hh0p�ihp�i ; T̂ = hTp�ihp�i ;�̂s = h(�s=�)p(�)ihp�i ; R̂ = NSXs=1 �̂sRs; ĉ�v = NSXs=1 �̂sc�vs; ĉ�vs = 1[[T ]] Z TrTl cvsdT;
̂ � 1 = R̂̂c�v ; ês = hesp�ihp�i ;  ̂s = RsT̂
̂ � 1 � ês + q̂22 :The Roe averaged speed of sound, â, is given by the equationâ2 = (
̂ � 1)"ĥ0 � q̂22 + ĉ�vT̂ � NSXs=1 �̂sês# : (5.47)Similarly, the eigenvalues of the Roe matrix are given as�̂A = ûf ; �̂B;C = ûf � â: (5.48)Recall that the solution to the inviscid equations is actually the limit of the Navier-Stokesequations as viscosity tends to zero. If care is not taken, it is possible for numerical methods toadmit solutions that are not actually the limit of the Navier-Stokes equations. For inviscid 
uid
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ows, non-physical expansion \shocks" can develop in the 
ow that are not limit solutions to theNavier-Stokes equations. In particular, the Roe scheme is susceptible to such problems. Solutionsto this problem involve increasing the dissipation of the scheme when conditions of expansiondiscontinuities are present. The particular correction that is used for this numerical formulationis developed by Harten and Hyman[46]. See Leveque [47], pages 152{153, for a general overviewof the method. The basic approach adds a correction to the eigenvalues when an expansion ispresent, that is when �l < 0 and �r > 0. The correction, which adds su�cient di�usion to removethe expansion discontinuity, is computed by the equationj�̂jfix = j�̂j+ �l(j�̂j � �r) + �r(j�̂j � �l)�r � �l : (5.49)5.2.3.2 HLLE FluxIn some cases, the Roe averaged 
uxes can introduce non-physical instabilities in the 
owsolutions. For example, in very high speed (e.g. Mach 10) blunt body problems, the Roescheme can produce a carbuncle phenomena (a non-physical bump) in the forward region ofthe bow shock[48]. In addition, the Roe scheme can exhibit unstable behavior in strong planarshock fronts that align with the mesh, such as the Mach disk in an over-expanded rocket nozzleplume. These problems appear to be related to multi-dimensional e�ects, whereby the Roescheme produces insu�cient numerical dissipation in the faces that are orthogonal to strongshocks. Several schemes do not have these problems, for example the approximate Riemann 
uxof Eindfelt. Eindfelt's HLLE 
ux[49] is able to handle many of these cases, and can resolve manyshock structures to within a few cells, much like the Roe scheme. However, the HLLE 
ux ismore di�usive and tends to smear other structures of the 
ow. The HLLE 
ux is implementedfor �nite-rate chemistry by the 
ux equationF̂ (Ql; Qr) = b(+)F (Ql)� b(�)F (Qr)b(+) � b(�) � 2b(+)b(�)b(+) � b(�) (Qr �Ql); (5.50)



64where the terms b(+) and b(�) are de�ned using the Roe eigenvalues �̂B and �̂C :b(+) = max(0; (uf + a)r; ûf + â); and (5.51)b(�) = min(0; (uf � a)l; ûf � â): (5.52)5.2.3.3 Adaptive Riemann SolverThere is a tradeo� between the Roe and HLLE 
ux formulations. While the Roe 
ux is lessdi�usive and generally produces more accurate solutions, it is not robust. On the other hand, theHLLE 
ux is robust, but less accurate. One approach that o�ers a compromise is the adaptiveRiemann solver proposed by Quirk[48]. In this approach, faces that are resolving a su�cientlystrong shock are identi�ed. Then any cell that has a face resolving a strong shock switches all ofits 
uxes to the HLLE scheme. In Quirk's approach, a strong shock is detected when a face hasa su�cient pressure jump from the left to right sides. The criterion is given by the equationjpr � pljmin(pl; pr) > �; (5.53)where � is a problem speci�c parameter controlling the detection of strong shocks within theproblem. The advantage of this adaptive Riemann solver approach is that it preserves the highaccuracy of the Roe scheme while �xing some of its robustness problems in regions of strongshocks.5.2.3.4 Extrapolating Left and Right States at a FaceThe approximate Riemann 
uxes described in the previous sections require left and rightstates. For �rst order formulations these values simply correspond to the left and right cellvalues that correspond to either sides of the face. For higher order schemes, these left andright states are extrapolated from neighboring cell values. The approach that is used in thepresent study is applicable to meshes composed of hexahedral cells. The primitive variables(pressure, density and velocity) are extrapolated to the faces using the Monotone Upstream-centered Schemes for Conservation Laws (MUSCL) extrapolation approach[50] as illustrated in



65�gure 5.1. The extrapolated values are computed using the relationshipsql = qcl + 12	(rl)(qcl � qcl;cl); andqr = qcr + 12	(rr)(qcr � qcr;cr); (5.54)where 	(r) is a limiter function, with r de�ned asrl = (qcr � qcl)(qcl � qcl;cl) ; andrr = (qcl � qcr)(qcr � qcr;cr) : (5.55)There are a variety of limiter functions that are described in numerous texts on numerical methodsfor conservation law equations. For more details refer to Hirsch [51] pages 552{556. Van Leer'slimiter[52] was chosen for the simulations presented in this study.
cl,cl cl cr

q
l

cl cr cr,cr

q
r

Figure 5.1: MUSCL Extrapolation Variable DependenciesIn general, the MUSCL extrapolation scheme described here is only applicable to meshesconsisting of hexahedra. For more generalized meshes the extrapolation can be based on properlylimited cell gradients. For example, the limiters of Barth [53] or Venkatakrishnan [54] may beapplied.



665.2.4 Linear System SolutionThe solution of the Newton iteration step given by equation (5.38) requires solving a linearsystem of equations of the form Ax = b; (5.56)where A = L0(Qn+1;p);x = (Qn+1;p+1 �Qn+1;p);b = �L(Qn+1;p):The matrix, A, of this linear system is given by equation (5.39) and is typically a matrix withsparse structure that is composed of dense sub-blocks. Most of the terms of equation (5.39)contribute to the diagonal block of the matrix, while the 
ux terms, being a function of left andright Q values, contribute to o� diagonal terms. Flux Jacobian terms are treated as Jacobiansof the �rst order 
ux functions in an e�ort to increase the sparseness of matrix A. The matrixA can be factored into a lower, upper, and diagonal blocks, as inA = L+D + U: (5.57)For �rst order 
ux Jacobians, each internal face of the mesh contributes a term to the diagonalsof the cells to either side, while also contributing one block to the lower matrix, L, and oneblock to the upper matrix U . The system of equations is solved using a symmetric Gauss-Seidel method. Iterative methods of this form are rather e�cient at solving systems of equationsproduced by �nite volume schemes applied to hyperbolic equations such as the inviscid 
uiddynamics equations presented here. The symmetric Gauss-Seidel iterative solver works by a twopass method. These two passes, a forward and a backward pass, are a consequence of the solution



67of the factored equations (L+D)x�i+1 + Uxi = b; andLx�i+1 + (D + U)xi+1 = b; (5.58)where x�i+1 is the result of the forward pass of the symmetric Gauss-Seidel iteration. Theiteration is initialized with the �rst pass of a block Jacobi iterative method given byx0 = D�1b: (5.59)In the solution of equations (5.58) and (5.59), a dense GAXPY (general A x plus y) LU method[55]is employed to invert the diagonal blocks of D. This LU factorization is performed once beforethe Gauss-Seidel iteration proceeds and is used in both passes.



CHAPTER VIRULE SPECIFICATIONS FOR THE INVISCID FINITE-RATE CHEMISTRY SOLVERChapter III introduced a speci�cation language for numerical computational methods, whilechapter V developed a model for inviscid 
ows that include �nite-rate chemistry. This chapterwill demonstrate how the grid is speci�ed as a set of facts, and how the components of the solverderived in chapter V can be speci�ed using the constructs described in chapter III.6.1 Representing the Numerical MeshThe discretization of space represented by a numerical mesh is one of the more fundamentaldata structures required by �nite volume, �nite element, and �nite di�erence schemes. In general,a spatial discretization consists of a collections of points that have spatial positions distributedover the region of interest. In addition to these spatial points, there are edges, faces, and cells1.These components are de�ned with respect to their relationship to one another. For example, anedge is de�ned by two points in the mesh, while a face is de�ned by a set of edges, and a cell isde�ned by a set of faces, as illustrated in �gure 6.1. There are many links between these entities,such as the relationship between faces and the cells on either side, or the nodes that form a cell.The speci�c relationships that are required depend on the numerical method being employedand how it is formulated. For example, a �nite di�erence method may be edge-based, whilea �nite volume method may be cell- and face-based. In addition, the ordering of relationshipsbetween these mesh entities may have topological signi�cance, such as the correspondence ofnode orderings to face normal vectors, as shown in �gure 6.2. All of these issues must be de�nedin the fact database, where the particular relationships that are required depend on the solutionalgorithm methodology and solver design decisions (such as the decision to use a point-wise orreduction rule).1In the �nite element community, cells are often called elements or zones.68
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Node (Position) Edge (Length)

Face (Area) Cell (Volume)Figure 6.1: Space Discretization Entities
Figure 6.2: Relationship Between Node Ordering and Face OrientationThe numerical algorithm developed in chapter V reduces to a set of volume and surfaceintegrals, where volume integrals are computed for each cell based on cell values, and surfaceintegrals are computed based on extrapolated values for the left and right sides. Thus a facebased data structure would appear to be more natural. In addition, the area computation ofa face requires access to nodal positions. Since the current computational methods are onlyconsidered for hexahedral cells, only faces described by a four node circuit are required. It isassumed that this nodal mapping will be stored in a map identi�ed as qnds. Nodes are orderedin the mapping qnds such that the normal vector points in the direction of the right side of theface, as illustrated in �gure 6.2. The maps to a face's left and right cells are provided by mapscl, cr, cll, and crr, consistent with the MUSCL extrapolation scheme given in equation (5.54).In addition, it is assumed that ghost cells will be created such that boundary faces also have aleft and right cell. Finally, some cell based calculations require access to the faces of a given cell,and so six mapping to the six faces of the hexahedra are also provided. Table 6.1 summarizesthe facts su�cient to describe the mesh for the �nite volume algorithm derived earlier.In addition to these facts, rules for the computation of mesh-related properties such as faceareas and cell volumes are required. The rule signatures for these grid-related computations arelisted in table 6.2.



70Table 6.1: Mesh Data DescriptionsName Value Type Role Domainpos 3-D vector position vector nodesqnds map maps to 4 nodes of a quadrilateral face facescl map maps to left cell of a face facescr map maps to right cell of a face facescll map maps to left higher order cell facescrr map maps to right higher order cell facesnorth map north face of cell cellssouth map south face of cell cellseast map east face of cell cellswest map west face of cell cellstop map top face of cell cellsbottom map bottom face of cell cellsTable 6.2: Grid Related Rule SignaturesRule Descriptionarea qnds! pos Compute area vectorfpos qnds! pos Compute face centervol  (north; south; east; west; top; bottom)! (area; fpos) Compute cell volume6.2 Rules for General Chemistry ModelsThe evaluation of the chemistry and thermodynamic models requires an initialization phase,where information is imported from a chemistry database. The particular information that isimported depends on an input parameter (a text string) that describes which chemistry modelto apply. There are two basic functions that are required in this evaluation: an equation ofstate that solves relationships between various thermodynamic state variables, and a reactionrate calculator. These two calculators are identi�ed by the variables eos and reactor. Inaddition, there is a simple calculator, named qvi, which describes the layout of informationin the conservative state vector (qvi is short for q-vector information). There is a singletonrule that transforms the model speci�ed by the user into these calculators by initializing themwith the appropriate chemistry database information. The equation of state is solved for aparticular conservative q-vector by a rule that creates the eos state variable, which containsthe thermodynamic state information obtained by solving the state equations. In addition,a rule that computes the reaction rates, Kf; and the equilibrium constant, Kc, as identi�ed



71by the variable rates is required for the computation of the chemistry source terms. Theserules signatures, which describe the computation of the chemistry terms of the equations, aresummarized in table 6.3.Table 6.3: Chemistry Related Rule SignaturesRule Rule Type Descriptionqvi; eos; reactor  model singleton Create model calculatorseos state qvi; eos; q point-wise Evaluate EOSrates eos; eos state; reactor point-wise Evaluate reaction rates
6.3 Flux Computation and Space Integration RulesThe evaluation of spatial integrals (neglecting the geometric conservation term) provide theresidual equation (5.34). These spatial integrals are collectively identi�ed as a source termvariable, de�ned by src = V _W � NFXf=1Af F̂ (Ql;f ; Qr;f ): (6.1)Since additional terms (such as viscous e�ects) will require modifying equation (6.1) by addingadditional terms, it would make sense to treat this calculation with the unit/apply rule semantics.Using this approach, new terms can be added to the src terms as needed, by adding anotherapply rule to the rule database. Since these rules would require additional information (suchas transport properties), they would not be applied unless the user supplied the necessaryparameters.The �rst term of equation (6.1) requires an evaluation of cell volumes and the speciesproduction rates given by equation (5.13), while the second term requires a summation of 
uxesabout the faces of a cell. While the �rst term is a function of local cell properties, the secondis a function of local and neighboring cell properties. This increased dependence gives rise toseveral options regarding the 
ux integration method: 1) the 
ux integration can be treated asa local sum performed for cells, or 2) the 
ux integration can be treated from a face perspectivewhere the 
ux contributions are added from faces to cells. The cell centered computation canbe performed using the cell to face mappings of table 6.1. While this is a convenient approach,



72it has the disadvantage that it does not easily generalize to arbitrary cell types. On the otherhand, the face-based approach makes no assumptions about cell shape and so is a much moregeneral approach. In the face-based approach, the integration of the 
ux term is divided intotwo rules: one for summing to the left face, and the other for summing to the right. In theapplication of this rule, care is taken to follow the conventions of Green's theorem that assumesoutward pointing normals. Thus the left cell is consistent with this formulation, while the rightcell requires a sign change in the normal vector (see �gure 6.2). Table 6.4 lists a summary of therules required to compute equation (6.1).Table 6.4: Space Integral Rule SignaturesRule Rule Type Descriptionqp qvi; eos; eos state; q point-wise primitive q vectorqp l (cl; cr; cll)! qp point-wise left MUSCL stateqp r  (cl; cr; crr)! qp point-wise right MUSCL stateqf  area; eos; qp l; qp r point-wise Roe 
uxsrc CONSTRAINT (vol) unit initialize src = 0cl ! src qf apply left cell 
ux termcr ! src qf apply right cell 
ux termsrc eos; reactor; eos state; q; rates; vol apply chemistry source terms
6.4 Assembling the Jacobian MatrixThe Jacobian used in the Newton method, described by equation (5.39), consists of a diagonalblock matrix combined with o�-diagonal matrices formed from the di�erentiation of the 
uxfunction. If the 
ux function, F̂ (Qleft; Qright), is de�ned by the conservative variables on theleft and right side of the face, then the Jacobian of this function will consist of two 
ux Jacobianmatrices, given by fjp = An+1 @F̂ (Qleft; Qright)@Qleft ;fjm = An+1 @F̂ (Qleft; Qright)@Qright : (6.2)The variables, fjp and fjm, are Jacobians of the 
ux functions located at faces and arecomponents of the overall Jacobian matrix given in equation (5.39). The diagonal blocks ofthe Jacobian matrix can be constructed using a formulation parallel to the de�nition of the src



73given in equation (6.1). Using this example, the diagonal contributions from src are given by(srcJ)c = Vn+1 @Wc@Qc � Xf!left=c(fjp)f + Xf!right=c(fjm)f : (6.3)From this, the diagonal blocks of the Jacobian are formed by computingDc = I � ��tVn+1(1 +  ) 24(srcJ)c � I Xf2facesAn+1f (~u
;f � ~nf )35 : (6.4)While D of equation (6.4) describes the diagonal of the Jacobian, the o�-diagonal terms areformed from the fjp and fjm terms. While a face contributes fjp to the left face diagonal,it also contributes fjp to the right face's row equation. The fjm Jacobian contributes an o�-diagonal term in a similar fashion. As a result the orientation of the left and right sides of facesand the matrix structure are related. Since the local orientation of the face normal is an arbitrarychoice, it is possible to select the orientation of faces such that the Jacobian matrix always hasfjm terms in its upper diagonal and fjp terms in its lower diagonal.The arrangement of equations in the Jacobian matrix dictates the placement of o�-diagonalblocks into either the lower or upper portion of the matrix. For dense matrices, each orderingof equations uniquely speci�es which matrix elements exist in the upper and lower portions ofthe matrix. In sparse matrices, however, families of orderings can correspond with the sameupper and lower partition of o�-diagonal terms. These partial orderings of matrix equations aredescribed using colorings of the matrix connectivity graph2. Once the equations (cells) of thematrix are colored, then one equation occurs before another equation if its color is less than theother. Thus if the face left-right orientation corresponds to the matrix coloring, then there willbe a corresponding relationship between the location of the fjp and fjm terms. For example, ifthe faces are constructed such that the left side always faces the lowest color cell as illustrated in�gure 6.3, then the matrix will be formed such that the lower blocks of the matrix only containfjp terms, while the upper term of the matrix only contains fjm terms. Once the lower andupper portions of the matrix are identi�ed, it is possible to form a row based data structure forthe matrix based on the face connectivities. This is accomplished by transposing the face to cell2The non-zero entries in the sparse matrix represent an edge in the matrix connectivity graph such that anon-zero term at Aij represents an edge from equation i to equation j.



74mappings cl and cr to obtain the cell to face mappings lower and upper, as illustrated in �gure6.4. Note, that while only one cell may be contained in the cl map for a face, many faces maybe contained in the lower map for a cell.
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75column. This data structure is all that is needed to describe the Gauss-Seidel iterative algorithmgiven in equation (5.58).
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Figure 6.5: Matrix Assembly Data Structure Cut-Away6.5 Performing a Gauss-Seidel IterationThe solution of the linear system using the symmetric Gauss-Seidel algorithm described byequation (5.58) can be obtained by using a recursive rule speci�cation. For this discussion onlythe forward pass of the symmetric Gauss-Seidel algorithm will be illustrated. This algorithmevaluates the expression xk+1 = (L+D)�1(Uxk+ b), where b = L(Qn+1;p), and L, D, and U arethe lower, diagonal, and upper components of the Jacobian matrix, respectively. This methodcan be written as the point-wise recurrence relationxk+1i = D�1i 0@bi � i�1Xj=1 Lijxk+1j � nXj=i+1Uijxkj1A : (6.5)



76For the data structure described in �gure 6.5, equation (6.5) can be rewritten asxk+1i = D�1i 24bi + ��tVn+1(1 +  ) 0@ X(i;j)2lower(fjp)jxk+1clj � X(i;j)2upper(fjm)jxkcrj1A35 : (6.6)Note that in this equation there is a sign change for the fjm term, which compensates for thesign change of the face normal, consistently with Green's theorem. This recurrence relation canbe represented by the recursive rule speci�cation, given by the signaturexk+1  D; b; lower ! fjp; lower ! cl! xk+1; upper! fjm; upper! cr ! xk: (6.7)The speci�cation given by equation (6.7) provides su�cient information to generate a schedulefor the forward pass of the symmetric Gauss-Seidel algorithm. For example, consider how the �function might be evaluated for this recursive speci�cation for a red-black coloring, as illustratedin �gure 6.3. In this case all red cells have only left faces pointing to them, while all black cellshave only right faces pointing to them. Thus red cells have a null mapping for lower, while blackcells have a null mapping for upper. In the �rst step of the iterative algorithm evaluating �, onlythe red cells will be evaluated, since the lower map is null only for these cells and no entities havethe attribute xfk+1g. For the second iteration of this scheduling process, all black cells can bescheduled since the red cells produced the necessary xfk+1g attribute. A following iteration willdetermine that no new attributes can be assigned and the schedule of the Gauss-Seidel algorithmwill be complete. A two step concurrent red-black algorithm will be the result. Interestingly, ifinstead a regular mesh is given with a canonical coloring, then the derived schedule will matchthe concurrent hyper-plane algorithm used in the NAS parallel benchmark LU[56], as illustratedin �gure 6.6. 6.6 SummaryThis chapter provided an overview of the speci�cation required to build a complex numericalapplication. The data structures required to represent a �nite volume discretized mesh for animplicit solver are shown. These data structures are consistent with the fact data types describedin chapter III. In addition, a recursive rule speci�cation is used to describe a general Gauss-
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CHAPTER VIIRESULTSThis chapter is divided into two main sections. The �rst one features a series of test cases,demonstrating that a correct implementation of the inviscid �nite-rate chemistry solver has beenachieved. All of the results of this section have been computed using the rule-based speci�cationdescribed in chapter VI. The computations for these results were performed on a Silicon GraphicsPower Challenge server using 195mhz R10K processing units. The second section measures theperformance of the scheduling algorithm on a variety of grids, as well as the overall performanceof the resulting numerical simulation.7.1 Finite-Rate Solver ResultsThree chemistry models are utilized in this presentation: the ideally dissociating oxygenmodel described in Vincenti and Kruger [39], a similar dissociating oxygen model that includesthe vibrational energy term for diatomic oxygen, and the �ve species air model of Kang andDunn[57]. These models, the associated thermodynamic variables, and the reaction rates areincluded in appendix B.7.1.1 Shock Relaxation for Ideally Dissociating Oxygen ModelShocks consist of a very thin region of 
uid where signi�cant changes in the 
uid propertiestake place. In the inviscid formulation of the Navier-Stokes equations these shocks exist asdiscontinuous solutions. In reality these structures have a �nite thickness, usually on the orderof several mean free paths for strong shocks. Chemical reactions, on the other hand, requiremany more molecular interactions than can occur in the narrow shock structure. As a result, astrong shock is typically followed by a relaxation region where the 
ow adjusts from the frozenshock conditions (no chemistry) to conditions of chemical equilibrium. For a standing shock, this78



79problem can be reduced to a set of ordinary di�erential equations (ODEs) in space. Since theseODEs can be solved very accurately using standard numerical algorithms such as Runge-Kuttamethods, a Runge-Kutta solution will be used to provide a reference solution that is comparedto a solution generated by the �nite volume method described in chapter V. The Runge-Kuttamethod used to integrate the reference ODEs is a �fth order Cash-Karp algorithm augmented withadaptive step-size controls[58]. The adaptive step-sizes provided by the Runge-Kutta solutionare used to generate the grid for the �nite volume scheme. The resulting grid is composed of4839 cells. The ideally dissociating oxygen model is used for this comparison.The test case presented here depicts the relaxation zone behind a normal shock where thefree stream conditions are given by a velocity of u1 = 4000 m=sec, a pressure of p1 = 70 Pa,and a density of �1 = 0:0002 Kg=m3. The conditions immediately behind the shock, and thein
ow conditions to the �nite volume scheme, are given by a velocity of ufrozen = 671:4 m=sec,a pressure of pfrozen = 2732:9 Pa, density of �frozen = 0:00119 Kg=m3 and a temperatureof Tfrozen = 8838:34 K. The mixture of diatomic and monatomic oxygen is given by a massfraction of monatomic oxygen of 0:000007. The out
ow boundary condition used in the �nitevolume scheme is given by the prescribed equilibrium pressure pequilibrium = 3037:2 Pa.The results of the relaxation region simulation are shown in �gures 7.1 and 7.2. The spatialdimension is plotted on a logarithmic axis to best illustrate the details of the relaxation structure.As is shown from the plots, the Runge-Kutta and �nite volume results are in excellent agreement.This simulation result indicates that the basic features, such as reaction rates and equilibriumconstant computations, spatial advection terms, as well as chemistry source term integration, arecorrect. Unsteady, time accurate simulations will be demonstrated in the next section.
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Figure 7.1: Relaxation Zone Temperatures
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Figure 7.2: Relaxation Zone Pressures



817.1.2 Dissociating Oxygen-Shocktube Test CaseThe shocktube scenario is a well known test case for unsteady numerical computations. Thisproblem contains many of the basic discontinuous structures that are found in inviscid 
ow�elds. For the ideal gas case, the solution to the shock tube problem can be determined exactlyand provides a reasonable benchmark for numerical algorithms. The shock tube problem wassolved with the ideal gas model, establishing that the numerical solver is able to handle thebasic 
ow. In addition, a dissociating oxygen model was used to simulate a shocktube scenario.Although an exact reference solution does not exist for this case, a simulation of this type can beused to ascertain the qualitative correctness of the code. In addition, the results of this numericalexperiment can be compared to the results of others, such as those produced byWestmoreland[59].Initial tests indicated that one of Westmoreland's reaction rates was incorrect. However, utilizingthe same undocumented reaction rates, the two simulations produced similar results. The resultspresented here use the correct reaction rates, although the simulation time illustrated has beenadjusted so that the �nal results are qualitatively similar to those from Westmoreland[59].The initial conditions consist of a driver side density of � = 1:26062 Kg=m3, temperature ofT = 3000 K, pressure of p = 1 � 106 Pa, and degree of dissociation1 of � = 0:0176349. Thedriven side of the shock tube is described by a density of � = 0:192364Kg=m3, a temperature ofT = 2000 K, a pressure of p = 1� 105 Pa, and a degree of dissociation of � = 0:000329186. Tomaintain time accuracy, the second order three point backward time integration was performedusing �ve Newton iterations. In addition, four Gauss-Seidel iterations were performed in theiterative solver. A time-step of 0:2 � sec was employed on a grid composed of 1000 cells spanningan interval of 0:08 m.The solution of the shocktube simulation is presented 240 � sec after the diaphragm has burst.These results are presented in �gures 7.3 through 7.5. Superimposed on these plots are frozenand equilibrium simulation results. The frozen results are obtained by setting the chemistrysource terms to zero, while the equilibrium results are obtained by setting the reaction rates tosu�ciently large constant values. Figure 7.3 clearly indicates the relaxation region behind theright moving shock. Notice that the relaxation temperature begins at the frozen temperature andapproaches the equilibrium solution. Also notice that the exothermic recombination reactions1The degree of dissociation is the ratio of the number of monatomic atoms to the total number of atoms in themixture. For this simple case, this parameter reduces to the mass fraction of dissociated oxygen.



82elevate the temperature in the expansion fan for both the equilibrium and �nite-rate cases. Thepressure, as illustrated in �gure 7.4, remains essentially unchanged regardless of the chemicalmodel. This is a typical result for dissociating reactions in gas dynamics. Finally, the plots ofthe degree of dissociation in �gure 7.5 reveals the role dissociation plays in the relaxation region.
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Figure 7.3: Temperature Distribution (Dissociating Oxygen Shocktube)
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Figure 7.4: Pressure Distribution (Dissociating Oxygen Shocktube)
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Figure 7.5: Degree of Dissociation (Dissociating Oxygen Shocktube)



847.1.3 High Temperature Supersonic NozzleThis simulation considers the 
ow of high temperature air in a supersonic nozzle. Thegeometry of the nozzle is given by the area relationship:A = �16 h1 + sin��x2L�i2 ; (7.1)where L is the nozzle length. For this example, L is two meters. A 100 by 40 point grid isused for this simulation, as illustrated in �gure 7.6. The �ve-species model of Kang and Dunn isemployed. Frozen computations were performed by setting the chemistry source terms to zero,while equilibrium computations were performed using large constant reaction rates. The resultsare compared with the computed values of Westmoreland[59] and Cinnella[44].The supersonic inlet boundary conditions are given by a pressure of p = 1:945� 105 Pa, atemperature of T = 9001 K, and a density of � = 0:0385433 Kg=m3. The mixture is set tothe equilibrium composition given by the mass fractions 1:33836 � 10�5, 0:233854, 0:0515657,0:713442, and 0:00112502 for O2, O, N2, N , and NO, respectively. The velocity of the inlet 
owis 4000 m=sec.As the temperature contours indicate in �gure 7.7, this simple geometry produces a rathercomplex 
ow-�eld structure. The initial sharp turn at the nozzle inlet creates an expansionfan that intersects the centerline at approximately 30 centimeters from the nozzle inlet. Theexpansion is followed by a weak compression induced by the 
ow along the inwardly curvingnozzle wall. This compression wave intersects the centerline at approximately 80 centimetersleading to an increasing temperature along the centerline in this region. As can be seen in theNO contours in �gure 7.8, these 
uid dynamic structures are also coupled to the productionand destruction of species within the 
ow. Thus, this test case represents a rather complex 
owsituation.The validation of the solution method is accomplished by comparing the centerline 
owproperties to the results of Westmoreland[59] and area averaged properties to the resultsof Cinnella[44]. In general, the centerline results agree extremely well with the work ofWestmoreland. The area averaged curves also match well with Cinnella's results. These resultsare summarized in �gures 7.9 thru 7.20.
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Figure 7.6: Supersonic Nozzle Grid

Figure 7.7: Temperature Contours (Supersonic Nozzle, 5 Species Air)

Figure 7.8: NO Mass Fraction Contours (Supersonic Nozzle, 5 Species Air)
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Figure 7.9: Centerline Temperatures (Supersonic Nozzle, 5 Species Air)
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Figure 7.10: Area Averaged Temperatures (Supersonic Nozzle, 5 Species Air)
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Figure 7.11: Centerline Pressures (Supersonic Nozzle, 5 Species Air)
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Figure 7.12: Area Averaged Pressures (Supersonic Nozzle, 5 Species Air)
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Figure 7.13: Centerline Densities (Supersonic Nozzle, 5 Species Air)
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Figure 7.14: Area Averaged Densities (Supersonic Nozzle, 5 Species Air)
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Figure 7.15: Centerline N2 Mass Fractions (Supersonic Nozzle, 5 Species Air)
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Figure 7.16: Area Averaged N2 Mass Fractions (Supersonic Nozzle, 5 Species Air)
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Figure 7.17: Centerline O2 Mass Fractions (Supersonic Nozzle, 5 Species Air)
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Figure 7.18: Area Averaged O2 Mass Fractions (Supersonic Nozzle, 5 Species Air)
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Figure 7.19: Centerline NO Mass Fractions (Supersonic Nozzle, 5 Species Air)
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Figure 7.20: Area Averaged NO Mass Fractions (Supersonic Nozzle, 5 Species Air)



927.1.4 Mach 10 Blunt ConeThe �nal case that is used to evaluate the solver is a hypersonic blunt-body case. Thegeometry is de�ned by a blunted 9-deg half-angle cone. The nose radius for this geometry isr = 6:35 cm. The free stream conditions are given by a Mach 10 
ow with an ambient pressureof p = 2:65�104 Pa and temperature of T = 223 K. Air is considered as a mixture of 22 percentoxygen and 78 percent nitrogen by mass. A solution to this geometry for the ideal gas andequilibrium chemistry model was obtained by Cox[60]. Four cases are run for this example: 1)an ideal gas model, 2) a frozen chemistry model that includes vibrational terms, 3) an equilibriumcalculation that is performed using large constant reaction rates, and 4) a �nite-rate computationusing the �ve-species air model of Kang and Dunn discussed earlier. The grid is a 71 by 40 pointmesh, with 71 points distributed along the solid boundary, as illustrated in �gure 7.21.

Figure 7.21: Blunt Cone Simulation MeshA comparison of the results of the ideal gas and �nite-rate models are shown in thetemperature contours of �gure 7.22 and the density contours of 7.23. The importance of includingchemistry source terms in high speed 
ow simulations is evident in these results. The ideal gas



93model predicts a much higher temperature in the stagnation region, while the �nite-rate chemistryresults show cooler temperatures and higher densities. This is due to the presence of endothermicdissociation reactions occurring in the stagnation region of the 
ow. In addition, the location ofthe bow shock is signi�cantly closer to the body in the �nite-rate case. These results are similarto the comparisons made by Cox[60] for equilibrium chemistry simulations.The results along the stagnation streamline more clearly illustrate the general trends as shownin �gure 7.24. These results closely match the results of Cox, with the exception that the shocksare located slightly closer to the body. However, these di�erences appear to be on the order ofthe coarse mesh spacing used in the simulations of Cox. The �nite-rate results show a slightlygreater bow shock stando� than the equilibrium results. In addition, the �nite-rate results areable to capture the relaxation region behind the bow shock, although a more re�ned mesh wouldbe required to correctly capture the peak temperature. The �nite-rate temperature is nearlyidentical to the equilibrium value at the stagnation point. The frozen calculations show thatthe vibrational contributions play a signi�cant role in the cooling of the 
ows in the stagnationregion.The temperature results along the body also show good agreement with the predictions of Cox.The equilibrium computations match extremely well, while the ideal gas computations predicta slightly lower shoulder temperature. The �nite-rate temperature matches the equilibriumresults near the stagnation point, but the �nite-rate results become cooler as the 
ow acceleratesaround the slope of the body. This is due to \freezing" of the 
ow, which inhibits exothermicrecombination reactions in the cooler regions when using the more realistic �nite-rate model.
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Finite-Rate Chemistry Ideal Gas

Figure 7.22: Blunt Cone Temperature Contours
Finite-Rate Chemistry Ideal Gas

Figure 7.23: Blunt Cone Density Contours
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Figure 7.24: Blunt Cone Stagnation Streamline Temperatures
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Figure 7.25: Temperatures along Blunt Cone Surface



967.2 Scheduling Performance ResultsSince the generation of an execution schedule is not directly required by the simulation, butrather is required by the present approach, the time required to generate an execution schedulecan be considered as computational overhead. It is necessary that the scheduling time remainsmall, so that the approach remains an economical alternative to more traditional methods. Thissection will measure the scheduling time on a selection of representative grids and determineempirically the trends in scheduling cost (time).Three basic types of grids are considered for this simulation: a one-dimensional grid consistingofN cells, a two-dimensional grid consisting ofN�N cells and a three-dimensional grid consistingof N �N �N cells. The problem size, n, is given by the number of cells in the simulation. Thescheduling time for grids of sizes from 103 to 106 cells are measured at exponential intervals. Theresulting scheduling times are plotted in the logrithmic axis plot of �gure 7.26. For grids of size30; 000 cells or less, all of the grids produced similar scheduling times. For larger grids, however,there was a divergence of results, with the one-dimensional grids having the shortest schedulingtimes and the three-dimensional grids having the largest. The largest scheduling time measuredwas approximately 15 minutes for a three-dimensional grid consisting of 106 cells. Since mostsimulations on a grid of this size are likely to require processing time on the order of CPU-days,this is a respectably small scheduling time.One concern is the rate of growth of the three-dimensional scheduling time. To gainan understanding of this growth, a least-squares curve �t was used to obtain a power lawapproximation to the curves. Since the growth appears after grids of approximately 30; 000cells, only grids larger than this are considered in this curve �tting. The resulting curve �tsappear as lines in �gure 7.26. From these curve �ts, an estimation of the complexity of thealgorithm can be made. These estimations are listed in table 7.1. From this measurement it isdetermined that while the scheduling time for the one-dimensional grid increases as O(n), thethree-dimensional grid increases at approximately O(n1:5).One source of additional scheduling overhead with the three-dimensional meshes is thatalthough the �nal deduction produces sets of entities over contiguous intervals, the intermediateresults may not remain contiguous. For example, if the Gauss-Seidel algorithm performscomputations in diagonal planes across the computational grid, then the existential deduction
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98phase will compute non-contiguous sets of entities in the Gauss-Seidel recursive rule evaluation.As a result, the representation of sets of entities as a number of intervals no longer remainsbounded, consequently, the assumption of O(1) cost for set unions and intersections no longerapplies. To test this hypothesis, the cells in the three-dimensional grid were sorted according tothe reverse Cuthill McKee[61] ordering. This ordering, which can be computed in O(n) time, hasthe advantage that it matches the concurrent Gauss-Seidel algorithm order of evaluation. Notethat this does not change the algorithm, only the association of entity identi�ers with cells. Theresulting sorted three-dimensional grid is also plotted in �gures 7.26. As listed in table 7.1, thissorting reduced the order of the three-dimensional scheduling time from O(n1:5) to O(n1:26).In addition to measuring the scheduling time for this rule-based approach, it is also importantthat the resulting schedules execute with comparable performance to other approaches. Toestimate the execution performance, a nozzle simulation was run using both the rule-based codeand a Fortran based ideal gas solver due to Janus[43]. The hardware counters available on theSGI R10K processors are used to determine the actual 
oating point operation rates for thesimulations. Both an ideal gas and a full chemistry model are measured for the rule-based solver.The measurements of execution time includes the time required to generate the schedule. Thusthis represents the actual 
op rate including all costs associated with the rule-based approach.Table 7.2 lists the results of this performance measurement and shows that although the rule-based approach is somewhat less e�cient than the Fortran solver of Janus[43], it still produces aperformance competitive with more traditional design approaches. It is also important to notethat the solver of Janus is structured, while the solver presented here is a much more 
exibleunstructured solver. Table 7.2: Performance Results on Nozzle SimulationCode Model Flops Time (sec) Rate (M-Flops)Rule-Based Ideal Gas 41.41e9 1174 35.3Rule-Based Finite-Rate 252.89e9 5803 43.6Fortran Ideal Gas 33.80e9 749 45.1



CHAPTER VIIICONCLUSIONThis study presented an implementation strategy for developing high performance numericalsimulation software. This strategy consists of specifying numerical computations as a series ofrules. These rules are much like the guarded horn clauses of Strand[28], except that the clausespeci�cation includes mapping operators. These mapping operators provide the fundamentalmethod for describing mesh topology. Since these mapping semantics are included in the rulespeci�cation, the approach described here does not su�er from the same problems in distributionof array values across processors. Thus, the work presented here can be thought of as a Strandthat has been adapted to the needs of �nite-element and �nite-di�erence methods.Like the CHAINS[31] model, the one described here is at a high semantic level. The rulespeci�cations described in chapter III closely matches the semantics of the derived numericalmodel equations. Unlike the CHAINS model, the speci�cation described here facilitates thedescription of iteration and linear solver algorithms. Thus the speci�cation described here strikesa balance between the power and abstraction of the model.Like the formal speci�cation approach of Birken[32, 33], the speci�cation approach describedhere is able to provide guarantees concerning the logical consistency of the derived simulationprogram. Unlike the work of Birken, the scheduling time required by this system is minimal, sinceit does not invoke expensive heuristic searches utilizing generic theorem provers. Instead, theapproach presented here employs run time scheduling to produce similar results, with schedulingtimes that are comparable to a single simulation iteration.In addition to the development of a speci�cation language for �nite-element and �nite-di�erence schemes, this study developed simulation software for 
ows involving chemical non-equilibrium. This simulation software was implemented using the developed speci�cationlanguage to illustrate the e�ectiveness in the speci�cation of real applications. The resultingsoftware was validated using a variety of test cases demonstrating successful implementation.99



100In addition, an interesting generalization of the Gauss-Seidel algorithm was developed utilizingrecursive rule speci�cations, allowing the development of concurrent Gauss-Seidel algorithms forunstructured meshes. Performance measurements also indicate that the overhead associated withthe rule speci�cation methodology is minimal.While the results of this study look quite promising, there is much left to address. Whilethe speci�cation system described here only specify rules that compute values, the speci�cationof rules that compute entities or entity relationships will be needed if adaptive schemes areconsidered. In this case, scheduling rules for execution becomes much more complex since partialschedules need to be generated as part of the scheduling algorithm. As a result, the overallperformance of the simulation system will be more sensitive to scheduling costs. In addition,care will be needed in order to preserve the monotonicity of the deductions if rules are allowedto generate entities as a result. More research in all of these areas will be essential before fullyadaptive schemes can be captured by a rule speci�cation approach.



APPENDIX ANUMERICAL SOLUTIONS OF PARTIAL DIFFERENTIAL EQUATIONSModeling physical phenomena using numerical methods begins with the determination of amathematical description of the problem at hand. There are many such models in engineeringand the sciences, for example the Navier-Stokes equations, the Maxwell Equations, the shallowwater equations, and so on. In many cases these models are represented by partial di�erentialequations, or PDEs. A partial di�erential equation for a given function u(x; y; � � � ) de�ned overa domain 
 with boundary � is given by a relation of the formF (x; y; � � � ; u; ux; � � � ; uxx; uxy; � � � ) = 0; (A.1)where F is a function of the independent variables x; y; � � � , of the function u, and of a �nitenumber of its partial derivatives. Typically the dependent variables represent physical propertiesof the models, for example energy, momentum, mass, etc. In the mathematical interpretationthese dependent variables simply become functions of the independent variables. The problemis to identify or approximate these functions. Assuming that these approximations are accurateand that the model equations represent underlying physical processes, these functions will closelymodel the behavior of physical systems.A.1 Discretization of the DomainThe numerical solution of partial di�erential equations requires a �nite representation of thephysical domain. Generally this �nite representation is called a discretization. There are fourprimary discretization approaches: the �nite di�erence methods[62], �nite element methods[63],spectral methods[64], and �nally particle methods[65][66]. Finite di�erence methods are based onapproximate representations of neighborhoods of discrete points in the domain. Finite elementmethods (of which �nite volume is a sub-case) are based on an integral view of the domain.101



102Spectral methods discretize partial di�erential equations in a transformed space (such as thefrequency domain under the Fourier transform). Particle methods such as Monte-Carlo [65]or Lattice Gas [66] approaches are usually applied to problems where local thermodynamicequilibrium can not be assumed. Here, �nite di�erence and �nite element discretization methodswill be discussed in more details.The �nite di�erence and �nite element discretizations can be characterized by a �nite set ofpoints or \nodes" in the domain 
 and on the boundary �, and by the domain topology, which isrepresented in a discrete sense by associations or connectivities between these nodes. In the �nitedi�erence discretization the topology of the domain is represented by nodal connectivities. In thisrepresentation, each node is associated with neighboring nodes, so that a discrete interpretationof the neighborhood of that node can be constructed. In the �nite element discretization thedomain is divided into volumes that do not overlap and completely cover the domain. Volumesare identi�ed by their shape (e.g. tetrahedral, hexahedral, prism) and relationships to nodes.Often relationships to faces or edges of the volumes are also used in �nite element computations.This will be described in more detail in later sections.The discretization produced by either the �nite di�erence or �nite element methods, includingnodes and topology (connectivity), is referred to as a mesh. The topology of a mesh is formulatedusing a labeling of the nodes. Meshes can be categorized into two general categories: regularor irregular. In regular meshes the node labels imply topological connectivity, usually througha multidimensional label. In computer applications this label usually is implemented througharray indexing. Regular meshes can occur in both triangular (tetrahedral) and quadrilateral(hexahedral) meshes in 2-d (3-d) as indicated in �gure A.1. In this �gure the nodes of theregular meshes can be labeled with two indexes, (i; j), such that the neighboring nodes can beidenti�ed via simple analytic expressions, (i � 1; j � 1). For irregular meshes it is impossibleto describe the topology implicitly from the labeling and so the topology must be speci�edexplicitly by connectivity lists. Numerical solvers based on the regular mesh assumption usingmultidimensional arrays are typically identi�ed as structured solvers, while solvers based onconnectivity lists are identi�ed as unstructured solvers. Notice that the unstructured solver isgeneral in that it can be applied to either irregular or regular meshes, while the structured solveris only applicable to regular meshes (although block structured solvers can accommodate limiteddegrees of irregularity in the mesh).
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Regular Quadrilateral Discretization Irregular Quadrilateral Discretization

Regular Triangular Discretization Irregular Triangular DiscretizationFigure A.1: Regular and Irregular Discretizations of a Square DomainA.2 Finite Di�erencesIn the �nite di�erence approximation the domain 
 and boundary � are discretized such thatthe domain is represented by N discrete nodes and the boundary is represented by M discretenodes. Typically each of these nodes are labeled by integers. For example, all of the nodes in thedomain can be labeled by integers from 1 to N +M , where the domain nodes are labeled from 1to N , while the boundary nodes are labeled from N + 1 to N +M . The labeling of the nodes isnecessary for the speci�cation of the di�erence equations, although the labeling procedure itselfis an arbitrary speci�cation. Basically, although labeling is a necessary step, any labeling thatprovides a unique identi�er to each node is equally valid. The �rst step of the �nite di�erenceapproximation is to satisfy the PDE only at the discrete nodes rather than on the continuum ofthe domain. For example, the linear convection/di�usion equation with a constant wave velocitya and a constant di�usivity � is given byut + aux = �uxx on domain 
; (A.2)



104and its �nite di�erence formulation becomes(ut)i + a(ux)i = �(uxx)i where i = 1; � � � ; N: (A.3)So far, this speci�cation of the �nite di�erence method is incomplete. It does not includetreatments of boundary conditions or reveal how partial derivatives are evaluated.A.2.1 Approximating spatial derivativesThe basic theory behind approximating spatial derivatives in �nite di�erence equations restson the assumption that the solution to the PDE is su�ciently smooth that a truncated Taylorsseries can accurately approximate it. In this view, spatial derivatives at nodes are estimated by�nding the derivatives of a polynomial function that approximates the solution at neighboringnodes. Thus the derivatives at a node can be approximated by a function of that node's dependentand independent variables and neighboring nodes' dependent and independent variables. Forthis discussion we de�ne the neighborhood set of node i to be the set of node labels that willbe included in the approximation of the dependent variables at node i. The neighborhood setfor node i will be denoted as Qi. Providing neighborhood sets for each node in the domainresults in a directed connectivity graph that describes the topology of the mesh for the �nitedi�erence equations. In general this connectivity graph can be represented by a connectivitymatrix, where the rows of the matrix represent the neighborhood sets. This connectivity matrixis usually sparse and symmetric. Using a polynomial function to approximate dependent variablederivatives yields expressions for the derivatives that are linear combinations of the dependentvariables in a node neighborhood set. Given this strategy, the �nite di�erence approximation forthe linear convection di�usion equation given in (A.3) can now be written as(ut)i + a Xj2Qi(cj)iuj = � Xj2Qi(dj)iuj where i = 1; � � � ; N: (A.4)In this equation the coe�cients cj and dj are produced by the polynomial interpolation of pointsin the neighborhood set of node i, assuming that node i is contained within the neighborhoodset. This view captures the concept of stencils found in �nite di�erence texts.



105A.2.2 Approximating Temporal DerivativesThus far the description of the discretization of the domain has been in terms of its spatialdimension. Usually the temporal dimension is discretized separately: each nodal value is assumedto progress in time through a sequence of time steps. The current \known" time is denoted byn, whereas the next time step is labeled as n + 1. Given this notation, a node is completelyspeci�ed when both its label and time-step are provided. By convention the node is labeled witha superscript that represents the time level of the variable and a subscript that represents thespatial discretization label of the variable. For example, uni represents the value of node i attime level n. The formulation of the time derivatives proceeds in a similar fashion to that of thespatial derivatives, except that there is a choice regarding where in time the temporal derivativeis evaluated. For example in explicit schemes the time derivative is evaluated at time level nwhile implicit schemes evaluate the derivatives at time level n+ 1 or n+ 12 . For example, usingthe previously established notation, an explicit formulation would be expressed asn+1Xj=n�k bjuji + a Xj2Qi(cj)iunj = � Xj2Qi(dj)iunj where i = 1; � � � ; N; (A.5)while a simple implicit formulation would be expressed asn+1Xj=n�k bjuji + a Xj2Qi(cj)iun+1j = � Xj2Qi(dj)iun+1j where i = 1; � � � ; N: (A.6)In a similar fashion the Crank-Nicholson method, which expands the temporal derivative aboutn+ 12 , would be expressed asn+1Xj=n�k bjuji + a2 Xj2Qi(cj)i(unj + un+1j ) = �2 Xj2Qi(dj)i(unj + un+1j ) where i = 1; � � � ; N: (A.7)Notice that in the previous notations the di�erence equations can be expressed as matrices.The sums over each node's neighborhood set can be interpreted as a vector dot product. Thecombination of all of the relations can be interpreted as a matrix vector product. If the vectorof all nodal values is denoted as u then a vector form of equation (A.7) can be given asAun+1 = Bnun +Bn�1un�1 + � � �+Bn�kun�k: (A.8)



106In equation (A.8), A, Bn, � � � , Bn�k are matrices. For explicit formulations A is a diagonalmatrix while in implicit formulations A is a general matrix that must be inverted in order tosolve for un+1. A.2.3 Boundary Condition TreatmentsSo far the discussion of the �nite di�erence method has only considered treatment of the nodesthat are within the domain and has ignored the boundary nodes. In order for PDE problems tobe well posed additional information is supplied at the boundaries. These boundary conditionsmust be incorporated into the solution process for a complete description of the method. Thetypical boundary conditions that are posed are classi�ed into two principal types: Dirichlet andNeumann. In Dirichlet boundary conditions the value of the dependent variable is prescribedat the boundary surface �. These are perhaps the most straightforward boundary conditions toapply. Assuming a Dirichlet boundary condition that speci�es that u = f(x; t) on � one canderive the discrete formulation asuni = f(xi; tn) where i = N + 1; � � � ; N +M (A.9)In Neumann boundary conditions, derivatives of the dependent variables with respect to theindependent variables are speci�ed on the boundary. In this case it is not su�cient to prescribethe values on the boundary nodes, since these values are dependent on the solution of nodeswithin the domain. There are two approaches that are typically taken to satisfy Neumannboundary conditions. The �rst follows similar themes to the approximation of derivatives in the�nite di�erence method. In this �rst approach a polynomial function is used to extrapolate thesolution to the boundary nodes. For example, if ux = f(x; t) is speci�ed on the boundary, thena neighborhood set of the boundary node can be used to satisfy the boundary condition by anequation such as f(xi; tn) = Xj2Qi(cj)iunj : (A.10)



107This equation can be used to obtain the solution variable by solving for ui as in this equationuni = 1(ci)i 0@ Xj2Qi;j 6=i(cj)iunj � f(xi; tn)1A where i = N + 1; � � � ; N +M: (A.11)One disadvantage of this method is that the boundary treatment is typically one order lessaccurate than the order of the derivative approximation. This implies that the neighborhood setrequired at the boundary will often be larger (in the sense of distance) than that required withinthe domain.An alternative formulation for Neumann boundary conditions uses the idea of a \ghost" nodewhich is a non-physical node introduced just outside of the domain. In this approach the ghostnodes are assigned values such that the �nite di�erence approximations applied at the domainboundary will produce the desired result. Then the same �nite di�erence method that is appliedwithin the domain is applied on the domain boundary using the ghost node in its neighborhoodset. One advantage of this formulation is that the resulting boundary condition can achieve amore accurate representation with less computational e�ort (that is a smaller neighborhood seton the boundary).In the end, the ghost node is just a tool that is used to formulate the boundary conditionand can be eliminated in the �nal solution methodology. This will result in a formulation similarto equation (A.11). In practice the ghost node is often not eliminated, for example when theevaluation of the �nite di�erence method is su�ciently complex that duplication of this code inthe boundary condition evaluation unnecessarily complicates it. In these cases the ghost nodemust be explicitly labeled. Assuming that there is a one-to-one correspondence between boundarynodes and ghost nodes, it is easy to see that this labeling can be accomplished by using integersN +M + 1; � � � ; N + 2M .The boundary condition treatments described here can also be included in the matrix form ofequation (A.8). For Dirichlet boundary conditions the size of the vector u is the number of nodeswithin the domain. For Neumann boundary conditions the vector u also contains boundarynodes and possibly ghost nodes.



108A.2.4 Impact of Non-Linear TermsThe previous discussions of the �nite di�erence method were limited to linear PDE's.Unfortunately, many real world applications are governed by non-linear PDEs, which includeterms that are non-linear, that is they can not be expressed as a linear combination of the partialderivatives of a function value. The viscous Burgers' equation, given asut + uux = �uxx (A.12)is one such example. The introduction of the dependence of wave velocity on the solution in theconvective term makes this equation non-linear. The question is, what impact does this haveon the �nite di�erence approximation? The introduction of non-linear terms has a great impacton the numerical derivation of the algorithm. In particular the possibility that discontinuitiesmay spontaneously emerge in the solution requires particular care since this violates the Taylorsseries interpretation relied upon to construct derivatives in traditional �nite di�erence approaches.Although much is known about the treatment of non-linearities in PDE's, the problem is still asubject of research. The impact of current knowledge on the formulation of algorithms will bepresented here, rather than an in-depth study of the theoretical foundations.The most obvious approach to solving equation (A.12) is to derive an explicit method using themethodologies already presented. For this case the straight-forward �nite di�erence formulationof equation (A.12) becomesn+1Xj=n�k bjuji + uni Xj2Qi(cj)iunj = � Xj2Qi(dj)iunj where i = 1; � � � ; N: (A.13)Notice that in this formulation it becomes impossible to obtain a matrix vector formulation asin equation (A.8) due to the uux term. This will cause problems in the implicit formulationsince the operator applied to un+1 is no longer easily invertible. There is another concern dueto the e�ects of truncation error on the above formulation. Formulating a di�erence equationof the form in equation (A.13) yields a scheme that is no longer conservative. This problem isusually solved by rewriting the PDE such that no dependent variables occur outside of partialderivatives. For the viscous Burgers' equation this formulation is obtained by observing that



109uux = 12 (u2)x, thus the conservative form of the viscous Burgers' equation becomesut + 12(u2)x = �uxx: (A.14)Similarly, this equation can be represented in a �nite di�erence formulation asn+1Xj=n�k bjuji + Xj2Qi(cj)i(unj )2 = � Xj2Qi(dj)iunj where i = 1; � � � ; N: (A.15)Often this approach is not su�cient to obtain accurate results, and more sophisticated methodsof dealing with the non-linear terms are necessary. In particular, upwinding-based schemes suchas 
ux-splitting methods are often required when dealing with non linear connective terms[47].These methods can be summarized by assuming that the derivatives are approximated by some,possibly non-linear, function of the dependent variables in the neighborhood set. That is to saythat these schemes can be captured by assuming that there exists some function F (uj jj 2 Qi)that appropriately approximates the 
ux at node i. Using this notation, equation (A.13) can berewritten as n+1Xj=n�k bjuji + F (unj jj 2 Qi) = � Xj2Qi(dj)iunj where i = 1; � � � ; N: (A.16)Thus far this discussion has not indicated how implicit solvers for non-linear PDE's areaddressed. The problem with non-linear PDE's is that the resulting di�erence equations can notbe expressed in the matrix-vector form of equation (A.8). Using vector notation it is possible todescribe the general form of the non-linear discretized problem using an approach similar to thatused in equation (A.16), as represented byn+1Xj=n�k bjuji + n+1Xj=n�k cj �F1(ujkjk 2 Qi) + � � �+ FL(ujkjk 2 Qi)� = 0 where i = 1; � � � ; N: (A.17)In this equation the functions F1; � � � ; FL represent the (possibly) non-linear �nite di�erenceformulations for each spatial derivative term of the PDE. This can be generalized to a vector



110formulation similar to the matrix-vector formulation, by the equationFn+1(un+1) +Fn(un) +Fn�1(un�1) + � � �+Fn�k(un�k) = 0: (A.18)In this formulation, the vector valued functions Fn+1; � � � ;Fn�k are formed by combining theterms of equation (A.17). Although these vector valued functions are non-linear, they have thespecial property that their dependency graph will have the same structure as the connectivitymatrix implied by the neighborhood sets Qi. The problem with this formulation is that obtainingun+1 requires �nding the inverse of the function Fn+1, which is in general di�cult to do.The usual approach used to solve equation (A.18) is to apply the vector form of the Newtonmethod to obtain the zero of the function G(un+1) where this function is the left-hand-side ofequation (A.18). This method uses the Jacobian of function G, de�ned asAij = @Gi@un+1j : (A.19)The Jacobian matrix A will have the same sparse structure as the connectivity matrix describedby the neighborhood sets, that is if j 62 Qi then Aij = 0. This Jacobian can be used to constructa Newton method for iteratively solving for un+1. An algorithm based on the Newton method,where each iteration of the u vector is denoted by uk, is shown in �gure A.2. In this algorithmthe solution at time level n is used as an initial guess to start the Newton iteration. Providedthat the time-steps are small enough, so that the solution at time level n is su�ciently close tothat at time level n+ 1, this method will converge quadratically.un+10 = unfor k = 0 to NUMITERS doA(un+1k )�unk = �G(un+1k )un+1k+1 = un+1k +�unkenddoFigure A.2: The Newton method algorithm for �nding un+1



111A.2.5 Concerns of Stability, Consistency, and ConvergenceThe discussion of this section has been focused principally on the structural form of algorithmsproduced by the �nite di�erence method. The methods described are not guaranteed to produceresults that are accurate representations of the partial di�erential equations upon which they areapplied. In this regard there is a broad theoretical basis for demonstrating that a particular �nitedi�erence method will produce results that are representative of the partial di�erential equationthey model. The basic theoretical approach is to show that the �nite di�erence method willproduce a solution that is increasingly close to the solution of the PDE as the number of pointsused in the discretization are increased (such that the largest distance between neighboring pointsalso decreases). Proving this result is the same as proving that the �nite di�erence scheme isconvergent. Two tools that are used to prove convergence are consistency and stability analyses.Consistency veri�es that the �nite di�erence derivatives reduce correctly to the true solutionderivatives as the mesh is re�ned, while stability veri�es that numerical errors in the derivativeformulations do not grow over time. By the Lax theorem a scheme for a linear PDE will beconvergent if it is consistent and stable. For non-linear PDE's this stability and consistency isonly a necessary condition for convergence. The theory and methodology behind these analysismethods are presented in many texts on the �nite di�erence method (e.g. [62]). The point ofthe present discussion is to identify the basic software structures required to implement thesealgorithms. In this light, the descriptions of this section cover the structure of convergent andnon-convergent schemes alike, although only convergent schemes are of practical interest.A.3 Finite ElementsIn the �nite element discretization methodology, the domain is divided into a discrete set ofregions or elements. The dependent variables are modeled by a chosen class of functions (forexample polynomial functions), de�ned within each element. These elements are then assembledto form a solution for the entire domain. There are many methods that may be employed toobtain a mathematical description of these functions within each element. The Galerkin methodwill be discussed here because it represents one of the more generally applicable approaches.The �rst step in the �nite element method is to obtain an approximate function that representsthe solution within an element. The usual approach used here is to introduce a parametric



112coordinate system within the element, and use shape functions (also called blending functions)to interpolate values described at the nodes. These shape functions (usually identi�ed by thenotation Ni) usually have the property of convexity, described bymXi=1 Ni = 1: (A.20)Using these shape functions, the value of the function within an element is described by a linearcombination of nodal values and the shape functions. For example, the function value u isapproximated by this method as ~u = mXi=1 uiNi: (A.21)In this equation ~u is the approximated function, ui are the values at the nodes of the element, andNi are shape functions, that depend on the parametric coordinates of the element. These nodalvalues and shape functions are chosen such that the compatibility and completeness requirementare satis�ed: if the PDE contains derivatives of the (r + 1)th order, then compatibility requiresthat the constructed function at element interfaces must have Cr continuity, and completenessrequires that the constructed function within the element must have Cr+1 continuity (where Crcontinuity indicates that the function and its derivatives up to the rth order are continuous).Also note that by this formulation the shape of the element is prescribed by the application ofthe shape function to the nodal coordinates.After constructing a candidate function, ~u, how does one guarantee that this equationapproximates the di�erential equation? In the Galerkin approach the method of weightedresiduals is used. The residual is an indication of how poorly the sample function ~u satis�es thedi�erential operator. The residual is obtained by applying the di�erential operator (as describedin equation (A.1)) to the sample function. Thus the residual is de�ned byR = F (x; y; � � � ; ~u; ~ux; � � � ; ~uxx; ~uxy; � � � ): (A.22)Note that if the sample function satis�es the PDE exactly then the residual will be identicallyzero everywhere in the domain. Since the sample function is constrained to be of a particularform it is unlikely that the residual will be identically zero at all points. In the method of



113weighted residuals the residual is driven to a small value by requiring that a weighted average ofthe residual over the domain vanish. Speci�cally, the m linearly independent weighting functionsWi satisfy the relation Z
 R Wi d
 = 0; where i = 1; � � � ;m: (A.23)Since the PDE under approximation will provide a zero residual at all points in the domain, thisformulation is applied to each element rather than the entire domain: the element equations areformulated such that Z
(e) R(e) W (e)i d
 = 0; where i = 1; � � � ;m: (A.24)Furthermore, in the Galerkin method the weighting function is chosen such that Wi = Ni. Thismethod, combined with the compatibility and completeness restrictions on the shape functions,de�nes the basic foundation for many applications of the �nite element method.A.3.1 Integration by PartsIn the application of the method of weighted residuals the resulting integral equations are of aform where a di�erential operator is multiplied by a weighting function. This product naturallylends itself to the application of integration by parts (the integral counterpart to the productrule). For example, if the di�erential operator contains some derivative of a function f thenthe weighted residual formulation can be transformed by integration by parts into the followingformulation Z ba @f@xWi dx = fWijba � Z ba f @Wi@x dx: (A.25)The importance of this transformation is that the order of the derivatives is reduced by one. Thisrelaxes the compatibility and completeness restrictions required by the elements, and as suchimplicitly reduces the order of the polynomial shape functions required to solve the problem. Intwo and three dimensional problems this integration by parts is satis�ed by the Green and Gauss



114theorems, given by the equationZ
 �~r � f�Wi d
 = Z�Wi (f � n) d�� Z
 f � ~rWi d
: (A.26)Notice that the selection of Wi = 1 reduces this equation to the traditional form of Gauss'sdivergence theorem that is often applied in �nite volume formulations.A.3.2 Transformation to Local CoordinatesAs mentioned earlier, the shape of the element is also derived from the shape functions. Thatis ~x(~�) = mXi=1 ~xiNi(~�): (A.27)In this formulation the position vector within an element is speci�ed by the local parametriccoordinate vector ~�. Typically the parametric coordinates are de�ned over the interval [�1; 1]or [0; 1], depending on the type of shape function selected. A two-dimensional representationof this transformation process is illustrated in �gure A.3. Typically the shape functions usedto describe the element shape are identical to those used to describe the dependent variableswithin the domain. In these cases the formulation is said to be isoparametric. Generally theshape functions used to identify the parametric transformation to physical space and the shapefunction used to interpolate dependent variables need not be equivalent. In such cases themapping is called super-parametric (sub-parametric) if the number of nodes used to generate thetransformation function is greater than (less than) the number of nodes used in the dependentfunction interpolations.
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Figure A.3: An example of parametric coordinate transforms in 2-D



115An important measure of the transformation space is the Jacobian of the transformation,where the Jacobian J is de�ned by the relationJ ij = @�i@xj : (A.28)Usually the Jacobian of the inverse transformation is typically used, since the derivatives can bemore directly obtained by di�erentiating the transform function. The Jacobian of the inversetransformation is given by J�1ij = @xi@�j : (A.29)These relations can be used to obtain @�i@xj derivatives when needed. Given the Jacobian of thetransformation, it is now possible to change the variables of integration to the parametric spaceusing the relation that jJ jd
 = d�1d�2d�3. Applying this relation one obtainsZ
(e) f(~x)d
 = Z +1�1 Z +1�1 Z +1�1 f �~x(~�)� 1jJ jd�1d�2d�3 (A.30)Finally since the function f(~x) typically contains derivatives of dependent variables with respectto the independent variable ~x, a rule must be applied to transform these derivatives to the localparametric coordinates. This is performed by utilizing the following relation, obtained from theapplication of the chain rule, ~rxNi(~x) = J ~r�Ni(~�): (A.31)Overviews of these transformation techniques can be found in a variety of texts on �nite volumeand �nite element methods (e.g., [67] [68]).A.3.3 Numerical Integration MethodsThe preceding section outlined the transformation of the integral equations obtained fromthe method of weighted residuals into the local parametric coordinates of the element. After this



116transformation, the resulting integrals will be of the formZ +1�1 Z +1�1 Z +1�1 f(~�)d�1d�2d�3; (A.32)where f(�) is usually a function formed of products of shape functions. Since these functions aretypically polynomials, it is possible to integrate them analytically. For situations where thesepolynomial formulations are too complex to be evaluated e�ciently, a numerical integration isused (without loss of accuracy, since the errors indicated by these integrations can be made tobe of the same order as the shape functions themselves). The typical approach to numericalintegration is Gaussian quadrature, which is represented in one dimension asZ +1�1 f(�)d� = nXi=1 Hif(�i); (A.33)where the Hi's are weight coe�cients and the �i's are the abscissas of integration. Thisformulation can be applied in each dimension independently to obtain an equivalent formulationfor three dimensional integrals given byZ +1�1 Z +1�1 Z +1�1 f(�; �; �)d�d�d� = nXi=1 nXj=1 nXk=1HiHjHkf(�i; �j ; �k): (A.34)One of the more commonly used integration methods is the one point quadrature. In the onepoint quadrature the function is only sampled at the origin in parametric space.A.3.4 Element AssemblyUp to this point, integrations over each element have occurred, but an integration over theentire domain is necessary to obtain a solution. Here there are two basic approaches: to integratethe elements about each node to obtain an equation for that node; or to assemble the equationsobtained for each element. Integrating over all of the elements that share a particular node willproduce equations of a similar form to the �nite di�erence method. That is, each nodal value willbe expressed as a function of the neighboring nodal values. As with the �nite di�erence method,if the discretized PDE is linear then these functions will be expressed as linear combinations ofthe neighboring nodal values. One disadvantage of this approach is that it does not allow muchlatitude in the run time control over the assembly process. For example, adaptive solvers where



117the type of shape function used changes as the execution proceeds would not be convenientlyimplemented using this approach, since the integrations about the nodes are performed a priori.The alternate approach is to integrate over each element and then assemble the resultingequations. This assembly process represents an integration over the entire domain. In adiscretized sense, this integral becomes the Riemann sum of the elements over the domain. Theelement integrations will produce an equation associated with each weighting function used inthe method of weighted residuals. The set of equations produced can be represented in matrixform for linear PDE problems (for non-linear problems the resulting equations will need to belinearized in order to obtain a solution). These matrix equations will contain matrices of sizen �m if n is the number of nodes in the element and m is the number of weighting functions.These matrices become components of the overall matrix that will be formed when the globalintegration is performed. In this case the local element matrices are summed to create theglobal matrix: coe�cients associated with the connection relationship from node i to node jare summed for example. Generally this matrix will need to be inverted in order to obtain theglobal integration. Although the �nite element discretization obtains a linear system in a waysimilar to the �nite di�erence discretization, the formation of the matrix is more complex, sincethe element matrices do not form row representations. Instead each element contributes its partto the global matrix. A.3.5 Lumped MatricesConsider the integration of the ut term in the convection/di�usion equation by applyingGalerkin's method. Using this approach one obtains the following equationZ
(e) ~u(e)t N (e)i d
 = nXj=1 Z
(e) (ut)j N (e)j N (e)i d
; where i = 1; � � � ;m: (A.35)This equation can be rewritten in matrix form as Mut where M , often identi�ed as the massmatrix, is represented by M (e)ij = Z
(e) N (e)i N (e)j d
: (A.36)



118The existence of this mass matrix complicates the process of obtaining a time integration of u.An approximation that is often performed is to sum the rows of the mass matrix to the diagonal.The resulting diagonal matrix is called a \lumped" mass matrix. Lumping is a procedure thatcan be applied to other matrices that occur in the �nite element formulation and often leads toa structure in the program where values computed in element integrations are summed to nodes.A.3.6 Other DetailsThe discussion of the �nite element method thus far has assumed that the dependent variableswill be speci�ed on the nodes of the element and that the functional representation of thedependent variable within each element will be determined by a set of shape functions. Withthis approach, computations center around obtaining the dependent variables at nodes. Theintegration of element functions over the domain introduces computations that are topologicallyassociated with the element volumes and faces (sometimes edges are also included). Thesecomputed values are only intermediate results used to obtain the values of the dependent variableson the nodes. This is not the only perspective on �nite element methodologies. Other perspectivesmay locate some or all of the dependent variables in other locations of the mesh. For example,in many �nite element formulations the dependent variables are located at element centers.Similar methodologies will locate di�erent components of the dependent variables at di�erentmesh locations to either increase computational e�ciency or obtain local conservation properties.For example, in an incompressible solver it may be advantageous to store pressures at elementcenters, 
uid velocities at element faces, while position vectors are described according to nodes.These variations increase the complexity of the resulting solver and make it more di�cult toobtain a generalized formulation. In these cases, dependencies between dependent variables arenot as straightforward to represent as the neighborhood set (or stencil) in �nite di�erences.In addition, it is often the case that operator splitting is employed to make the problemmore tractable. For example, in the incompressible 
ow case it may be necessary to solvethe pressure and velocity components independently. When such cases are used a sequenceof problems are solved and combined (possibly with iteration) in order to obtain a solutionfor all dependent variables. Boundary conditions may add additional and somewhat arbitraryconstraints and dependencies depending on how they are modeled. For example, in the Baldwin-Lomax turbulence model a minimization is obtained on lines orthogonal to the boundary in order



119to determine the transition between the inner and outer regions of the turbulent boundary layer.These issues can introduce additional complexity to the process of assembling components of thesolver.Finally, the mesh itself may be represented by a variety of element shapes. For example,hexahedral or prismatic elements may be used near boundaries and the more general tetrahedralelement shape may be used in regions where no distinct orientation of the shape functions arefound to be advantageous. Examples of some of the element options are shown in �gure A.4.Notice that in these di�erent element shapes there are distinctly di�erent relationships betweentopological elements of nodes, faces, and elements. A usual approach to building solvers in thesemixed modes may include collocating like elements. An important advantage of the collocationmethods is that they organize the dependency graph into constant valence subgraphs. Forexample, all hexahedral elements with linear shape functions will depend on eight nodes whileall linear tetrahedral elements will depend on four. This view can be important, particularly inobtaining high performance implementations. For example, although it is possible to identify therelationship between nodes and elements directly, this is usually avoided, if possible, since thenumber of elements that may neighbor a particular node is not �xed.
Hexahedra
6 faces
8 nodes
12 edges

Pentahedra (Prism)
5 faces
6 nodes
9 edges

Tetrahedra
4 faces
4 nodes
6 edges

Pentahedra (Pyramid)
6 faces
5 nodes
8 edgesFigure A.4: Various 3-D Element Con�gurations



APPENDIX BTHERMODYNAMIC AND CHEMISTRY DATAThis appendix includes descriptions of the chemistry models used in the simulations of chapterVII. These list the actual model �les input to the simulation software. All values presented inthis appendix are in the MKS unit system. Figure B.1 lists the thermodynamic properties of allspecies used by the chemistry models described in this appendix. The variables in this �gurecorrespond to the thermodynamic variables described in chapter V. Figure B.2 lists the ideallydissociating oxygen model. Notice that this model rede�nes the thermodynamics for species O2.Figure B.3 lists the dissociating oxygen model that includes the full thermodynamic model forO2, as listed in �gure B.1. And �nally, the �ve species air model of Kang and Dunn is listed in�gure B.4. This model uses the thermodynamic properties listed in �gure B.1.
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121///////////////////////////////////////////////////////////////////////// Units: SI Unit System //// m = atomic mass unit molecular mass //// n = no units trans & rot contribution factor //// hf = J/Kmole Heat of formation //// href = J/Kmole Reference enthalpy //// sref = J/Kmole/Ko Reference entropy //// Tref = Ko Reference Temperature //// Pref = Pa Reference Pressure //// theta_v = Ko Vibrational Temperature /////////////////////////////////////////////////////////////////////////species = {// elementsN = <n=1.5, hf= 4.7104e8> ;O = <n=1.5, hf= 2.4699e8> ;// Reference valuesN : <href= 4.73131e8, sref=153299, Tref=298.0, Pref=101325.0> ;O : <href= 2.49374e8, sref=161069, Tref=298.0, Pref=101325.0> ;// diatomic compoundsN2 = <n=2.5, hf= 0.0, theta_v=3392.0 > ;O2 = <n=2.5, hf= 0.0, theta_v=2273.0 > ;NO = <n=2.5, hf= 8.9853e7, theta_v=2739.0 > ;// Reference ValuesN2 : <href= 0.0, sref=191639, Tref=298.0, Pref=101325.0> ;O2 : <href= 0.0, sref=205163, Tref=298.0, Pref=101325.0> ;NO : <href= 9.03555e8, sref=210803, Tref=298.0, Pref=101325.0> ;} ; Figure B.1: Species Thermodynamic Properties// ideal dissociating oxygen model. Assumes the vibrational component of O2 is// in the half excited state.species = {O2 = <n=3.0, hf= 0.0 > ;O2 : <href= 0.0,sref=205163, Tref=298.0, Pref=101325.0> ;O ;O2 : < mf = 1.0 > ;} ;reactions = {O2 + O2 <-> 2 O + O2 : <Kf = Arrhenius(1.9e18,-1.5,59500.0),Kc = Thermodynamic> ;O2 + O <-> 2 O + O : <Kf = Arrhenius(6.4e20,-2.0,59500.0),Kc = Thermodynamic> ;} ; Figure B.2: Ideally Dissociating Oxygen Chemisty Model



122species = {O ;O2 : < mf = 1.0 > ;} ;reactions = {O2 + O2 <-> 2 O + O2 : <Kf = Arrhenius(1.9e18,-1.5,59500.0),Kc = Thermodynamic> ;O2 + O <-> 2 O + O : <Kf = Arrhenius(6.4e20,-2.0,59500.0),Kc = Thermodynamic> ;} ; Figure B.3: Dissociating Oxygen Chemistry Model (Uses default O2 thermodynamics)// Five species air Model of Kang and Dunn//species = {O2 : <mf = 0.22 > ;N2 : <mf = 0.78 > ;NO ;O ;N ;} ;reactions = {O2 + O <-> O + O + O = <Kf = Arrhenius(9.000e16, -1.0, 5.95e4)> ;O2 + O2 <-> O + O + O2 = <Kf = Arrhenius(3.240e16, -1.0, 5.95e4)> ;O2 + N <-> O + O + N = <Kf = Arrhenius(3.600e15, -1.0, 5.95e4)> ;O2 + N2 <-> O + O + N2 = <Kf = Arrhenius(7.200e15, -1.0, 5.95e4)> ;O2 + NO <-> O + O + NO = <Kf = Arrhenius(3.600e15, -1.0, 5.95e4)> ;N2 + M <-> N + N + M = <Kf = Arrhenius(1.900e14, -0.5, 1.13e5)> ;N2 + N <-> N + N + N = <Kf = Arrhenius(4.085e19, -1.5, 1.13e5)> ;N2 + N2 <-> N + N + N2 = <Kf = Arrhenius(4.700e14, -0.5, 1.13e5)> ;NO + M <-> N + O + M = <Kf = Arrhenius(7.800e18, -1.5, 7.55e4)> ;NO + O2 <-> N + O + O2 = <Kf = Arrhenius(3.900e17, -1.5, 7.55e4)> ;NO + N2 <-> N + O + N2 = <Kf = Arrhenius(3.900e17, -1.5, 7.55e4)> ;NO + O <-> O2 + N = <Kf = Arrhenius(3.200e06, 1.0, 1.97e4)> ;N2 + O <-> NO + N = <Kf = Arrhenius(7.000e10, 0.0, 3.80e4)> ;} ; Figure B.4: Five Species Air Model of Kang and Dunn
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