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SUMMARY

This paper presents a hybrid regularization method for solving inverse heat conduction problems. The
method uses future temperatures and past fluxes to reduce the sensitivity to temperature noise. A
straightforward comparison technique is suggested to find the optimal number of the future tempera-
tures. Also, an eigenvalue reduction technique is used to further improve the accuracy of the inverse
solution. The method provides a physical insight into the inverse problems under study. The insight
indicates that the inverse algorithm is a general purpose algorithm and applicable to various numerical
methods (although our development was based on FEM), and that the inverse solutions can be obtained
by directly extending Stolz’s equation in the least-squares error (LSE) sense. Direct extension of the
present method to the inverse internal heat generation problems is made. Four numerical examples are
given to validate the method. The effects of the future temperatures, the past fluxes, the eigenvalue
reduction, the varying number of future temperatures and local iterations for non-linear problems are
studied. Copyright © 2005 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The success of the inverse heat conduction problems (IHCPs) lies largely in how the effect of
noise in the measurements is regularized so that the solutions become least polluted. This is due
to the fact that the inverse problem is inherently ill-posed. One consequence of the ill-posedness
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is that a small noise in the measurements tends to produce a large error in the inverse solution.
The sensitivity of the inverse solution to noise in the temperature measurements is caused by
two physical constraints, namely, the temperature damping and the time delay of the interior
response with respect to the surface changes [1]. Hence, the development of IHCP algorithms
centres around the regularization techniques.

Various regularization methods have been put forward to reduce the sensitivity to the mea-
surement errors. These methods include the digital filtering [2, 3], Tikhonov regularization [4],
Alifanov iterative regularization [5], Beck’s second (or the function specification) method [1, 6],
the mollification method [7], the hyperbolic regularization [8], the eigenvalue reduction tech-
niques [9-11], the conjugate gradient method [12] and the dynamic programming method [13],
among many others. In our previous work [14, 15], a non-iterative, FEM-based sequential func-
tion specification method was developed. The present work is aimed at extending this method
to include the Tikhonov regularization and the eigenvalue reduction techniques in addition
to the future temperature regularization. First, in Tikhonov regularization method, additional
functions in terms of the zero or higher order of the surface fluxes are added to the square
error function method to reduce the fluctuation in the surface flux prediction. The additional
terms are not physically required but numerically helpful. Second, we follow our previous
development [15] in the sense that the future temperatures were employed to take into ac-
count the lagging and damping effects. One difficulty with Beck’s second method exists in
determining an optimal number of future temperatures. A number too small will still lead to
oscillations or non-convergent solutions; while a number too large will oversmooth the surface
fluxes. As such, an intermediate constant number is usually chosen based on trial and error.
The combination of Beck’s second method and Tikhonov method is called the trial function
method [1]. The present hybrid method differs from the trial function method in three ways:
first, it is non-iterative and uses the past heat fluxes in establishing the Tikhonov regular-
ization; second, a local optimization technique, similar to the self-regularization method [4],
was suggested for selecting the number of future temperatures; third, the eigenvalue reduc-
tion technique was also investigated together with the present hybrid method. The eigenvalue
reduction was developed based on the characteristics of the IHCP, i.e. the high-frequency
component of noise in the measurements will be amplified in the process of projecting to
the surface, so the technique purposely discards the high-frequency modes when calculating
the temperatures.

A brief outline of the paper is as follows: in Section 2, first, the inverse problem is described;
next, the inverse algorithm is established; and lastly the eigenvalue reduction technique is
presented. In Section 3, four numerical examples are provided to validate the method. Along
with the validations, the effects of the future temperatures, of the past heat fluxes, and of the
eigenmode are discussed, together with the optimal number of future temperatures and the local
iteration for treating the non-linear problems.

2. MATHEMATICAL DESCRIPTION OF THE IHCP
In this section, we establish the inverse algorithm. First, we briefly describe the model problem
following Ling et al. [14,15]. Next, we apply the sequential function method to solve the

model problem. And lastly, we introduce the eigenvalue reduction technique.
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2.1. Model description

The definition of the inverse problem is briefly given as follows:
For a region subjected to the first and the second kind of boundary conditions (BCs),

given the temperature measurements Y, at m=1,2,..., M interior sites and ¢:=1,2,...,3
times, determine the unknown surface heat fluxes q} at j=1,2,...,J at surface points for
i=1,2,...,1 computational time steps.

In setting up the above model problem, it is worth noting that (1) for the first kind of BCs
on I'y, the surface temperatures are known; (2) for the second kind of BCs, the surface heat
fluxes are partially known on I';, and partially unknown on I'}; (3) the unknown surface heat
fluxes on I', are parameterized by J nodal variables. J is equal to or less than the node
number on F/z- In the latter case, interpolation of the heat fluxes on I' ’2 is assumed; (4) to
ensure numerical stability, the computational time step-size is generally taken larger than the

o~

experimental one, so the total number of computations / is generally less than 3.

2.2. Development of the inverse algorithm

The inverse algorithm below is developed following a methodology similar to that in
References [14, 15]. First, the standard formulation based on the FEM for the direct heat
conduction problem is given; second, the square error, with the addition of the past heat
flux terms, is minimized; next, the physical interpretation is given for the normal equations,
based on which the method is directly extended to the inverse heat generation problems; and
then, a straightforward comparison technique is suggested for selecting the number of future
temperatures; and lastly, a local iteration scheme is proposed for non-linear problems.
The explicit FEM for solving the direct heat conduction problem is given as

M + ArK)O T = MO’ + Aefit! 4 ¢/t (1)

where K and M are the stiffness and the mass matrices, fit! is the heat flux force vector at
i + 1 time step, and ¢/*! is a condensation vector obtained from the first kind of BCs. It is
assumed the previous temperature @ is known.

The problem now becomes finding the current heat fluxes ™! that best match the current
and a few future temperature measurements. Meanwhile, to reduce any possible fluctuations
in the flux prediction, it is enforced that the surface fluxes cannot change too dramatically
between steps. Before we define the square error function, it is necessary to introduce the
function specification method and distinguish the different time scales. The essence of the func-
tion specification method is to replace the unknown functions with a chosen form of functions
(usually polynomials), so that the physical problem is changed into parameter estimations of
the chosen functions. This may result in poor convergence, if the form of chosen functions
are quite far away from the real case (which can be very complex), especially for the whole
time-domain estimation, but does not pose a serious problem if solved sequentially. In the
sequential function specification method, the surface heat fluxes are solved step by step, so that
a simple form of the unknown function can be assumed to be a constant or a linear relation
between two steps. More elaborate functions on time were found insignificant [16]. For sim-
plicity, constant heat fluxes are assumed in our development. Figure 1 shows one example with
a single unknown flux. Another point that needs to be clarified is the different time scales. An
illustration of the various time scales is given in Figure 2, where w represents the sampling
rate, R represents the number of future temperatures, and P is the number of the past fluxes.
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Figure 1. Function specification with constant fluxes.
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Figure 2. An illustration of different time scales. =2, R=4, and P =2.

Contrary to the direct heat conduction problem, a large computation time step is of necessity
to ensure numerical stability of the inverse solutions. So, the computational time step At is
generally larger than experimental one Ar, i.e.

Ar = wAz
where the sampling rate o is a positive integer. In addition, to provide maximum information to
the inverse solution, the future temperatures are extracted at a time interval the same as At [15].
When future temperatures are used, it is assumed that

¢ =q¥=qV=... =q® )
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where the superscript (.) indicates that the index is measured with respect to the current time
(not the initial one).

The inverse problem is solved in the least-squares error (LSE) sense. The square error norm,
s'*1 is given by

R
Z Y(r) @(r))2+ Z Z w( p)(q( P _ z+1)2 3)
r=0 p=1j=1

||M§

where é,(,f) is the calculated temperature at the measurement site, and w](.fp ) is a weight factor

for the allowable heat flux jumps. Note, the past heat fluxes are added to the square errors in
the same sense of the Tikhonov regularization. Unlike the trial function method, we enforce

that the current heat fluxes are not allowed to change wildly with respect to the past fluxes.
Zero-order regularization can be reduced by replacing q( P) with zeroes in (3), yet the argument
is that zero-order regularization can impose too strong a constraint if the real heat fluxes are
far away from zeroes (which is often the case).

From Equation (1), the temperatures at (r) future time can be explicitly expressed as
0" =U"MO + ArOUNED +a”) 4)

where U®) =~[M + AtOK]L A =) — " = At 4+ rAr and A =U e, The calculated
temperature 0 at the mth measurement site is obtained by mapping the local index m (in 0)
to its corresponding global node number m (in 0), i.e.

80 =0OMO + AT 4 )
where Ur(,fr)] = r(nrr)], and where n ranges from 1 to N—the total number of nodes in the finite-
element discretization.

The heat flux force at the (r)th future time, when utilizing Equation (2), can be written as

£ — Dq(") — in+1 (6)

where D is a constant matrix by the finite-element discretization.

Minimizing s*! with respect to q’+] gives

R
Z Xr(y:}(yrg) Q(r))+ Z Z w( P)(q( P _ H—l)_o 7)
r=0

1 p=1j=1

M=

where X ,(nrj) is the sensitivity coefficient given by

()
r) _ 69,”: 8)
mj 6q;+1
From (5) and (6), one obtains
X! = At Z U Dy, 9)
n=1

Copyright © 2005 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2006; 65:2246-2264



INVERSE HEAT CONDUCTION PROBLEMS 2251
Given (5), (9) and (7), now the governing equations read as

R J
Z Z X(”)X(r) z+1+ Z Z w( p) l+1

ﬁMs

r=0 1=1 " J p=1j=1
5L o L em o
=Y X X 0D =0+ X Yowy Vg for j=1,...,J (10)
r=0m=1 p=1j=1
or in the matrix form,
P
(Z[X(r)]Tx(r) + Z w™ P)) Z[X(r)]T(Y(r) é(r)) + Z W(*P)q(*P) (11)
r=0 p=1 r=0 p=1

where 80 = UM + &(r) is the static temperature for q't! =0. Note, ‘static’ here means
that the temperature 8 is only caused by the diffusion process for zero heat flux g’*!.
When w(~7) =0, the governing equations reduce to those in Reference [15], i.e.

R R
3 [X(V)]Tx(r)qi+1 =y [X(r)]T(Y(V) _ é(r)) (12)
r=0 r=0
It is easily shown that this equation is a simple extension of Stolz’s early work [17]. For
multiple measurements, the Stolz’s equation in the LSE sense can be written as

[X(V)]Tx(r)q(r) — [X(r)]T(Y(r) _ 6(’)) (13)

We see that the right-hand side of Equation (13) gives the difference of the measured temper-
atures and the ‘static’ temperatures. Physically, this difference must be caused by any existing
energy during the time period, whether the existing energy is from the external in the form of
surface heat fluxes or from the internal in the form of heat generation. Hence, the left-hand side
of Equation (13) links the energy source (here, in the form of the surface heat fluxes) to the
difference of the temperatures—via the sensitivity coefficient in the LSE sense! When future
temperatures are used, taking the summation of (13) over r, and using (6), one obtains exactly
Equation (12). Note, that this deduction is based on the physical interpretation, no underlying
numerical method (whether it is analytic, FDM, FEM, BEM, etc.) is involved. Thus, it can be
seen that (11) is a general system of equations regardless of the underlying numerical methods
(although our development here was based on the FEM), which also forms the first advantage
of the present method over the previous method [15]. The independence of the underlying
numerical methods is of special interest in calculating the sensitivity coefficient matrix. The
current approach for calculating (9) involves inverting a square matrix of M + At")K. For
a small system with up to several hundreds of elements, this does not impose a problem, yet
the computational time exponentially increases for a large system with thousands of elements
(although to our best knowledge, no test problems have been reported for such a large system).
Since the number of interior measurement points is often small, instead of inverting the whole
matrix M + Ar")K, the sensitivity coefficients are calculated only for the points at which
the measurements are taken. In cases where the Green’s function or the analytic solution are
available, the computations of the sensitivity coefficient would be greatly speeded up.
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The second advantage of the present method is that (12) permits much easier understanding
of the method over its counterpart in Reference [15]. Basically, (12) is but an expression of
cause and effect, with the right-hand side being the effect and the left-hand side being the
cause. Based on the above argument, (12) can be interpreted as a direct solution method to
Beck’s second method (in which an iterative solution method is used). The third advantage
of the present method is that, because of the physical interpretation, the governing equations
should work for inverse problems of similar kind. One example is the inverse heat generation
problems, in which case exactly the same development as above can be used. The resulting
governing equations for the inverse heat generation problem are identical to (10) or (11), but
q't! is interpreted as the source function of the internal heat generation, and 07 is the ‘static’
temperature for no internal heat sources. The fourth advantage is that the past flux regularization
is used, and as will be shown, greatly improves the initial accuracy of the calculations.

As mentioned above, one difficulty with Beck’s second method lies in selecting the proper
number of future temperatures. A number too small is not sufficient to suppress the error am-
plifications, while a number too large oversmooths the inverse results because of the assumption
by Equation (2). Hence, R is usually chosen as a small constant based on trial and error. To
our best knowledge, no systematic effort has been put forward to provide the optimal number
of future temperatures. In our effort in devising R, first, it is allowed to vary (instead of being
a constant) for different time steps. Second, it is based on the local variance of the temperature
errors, which is defined as

i+ L& Lo 500
Sm = R—‘Hrg)(ym _gm) formzl’z""’M

where s/ ! is a function of R. Assume that the measurements from one site do not interface with
those from the other, the argument is that for whatever R chosen, the minimum of s,’nJrl goes to
not zero but the global variance of the temperature measurement o, (because of the inherent

nature of the noise). Assume that é,(,f) be calculated accurately (thus q! being exact), then
(si+1)2 follows the »? distribution since the errors in the temperature measurement are generally
assumed to follow the Gaussian distribution. Hence, for large R’s, |s,’;1H — o, | approaches zero.
For very small R’s, |s£n+1 — 0| 1s uncertain but remains bounded (cf., Reference [18]). Similar
arguments have been used by Tikhonov [4] in developing the self-regularization method. In

Reference [1], the mean of the errors is also assumed to be zero. So, we define

(R)= - % |siH I+ —
g =— S, —0 —_—
M, =" " R41

R
> - 0,3:))H (14)
r=0

to represent the local error level for different R’s. (Note, the last term in the right-hand side of
(14) defines the absolute mean error.) In our implementation, for each computational time step,
Rmin and Rp,x are also given. Ry, is to ensure the stability of the inverse solutions, Rpax
is a big number. The actual R used corresponds to the one which gives the minimum e¢. It is
worth mentioning the importance of data redundancy of the temperature measurements. Since
we use the same time step for the future temperatures as the experimental one, it is suggested
the experiment time interval be made small (thus, more experiment data are available) so that
Rmax can be set large enough to ensure the square errors follow the y? distribution. Also
worth mentioning is that the input temperature errors (whether from physical or numerical
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experiments) should not overwhelm the temperature changes caused by the targeted heat fluxes,
otherwise, large oscillations are inevitable.

Finally, for highly non-linear problems, a local iteration scheme is given as follows. First,
we note that by quasi-linearization [1], the previous temperatures @' are used to evaluate M
and K. So, in this local iteration, when the current heat fluxes are solved, the current temper-
atures are updated, M and K are re-evaluated and the current heat fluxes are recalculated, and
so with the current temperatures, and so on. The iteration stops when the relative temperature
error for the /th local iteration, defined as

I il iy il
¢ =0"" —0)/16

is very small (set to 0.001 in our calculations).

2.3. Eigenvalue reduction technique

As stated earlier, the eigenvalue reduction was intended to filter out the high-frequency modes.
When the current heat fluxes are solved, instead of using (4) to solve the current tempera-
tures, the eigensystems are evoked. Also, the eigensystems are used to calculate the ‘static’
temperatures 0. )

The eigensystems are solved based on M0 + KO =0. The heat conduction equations in the
eigensystems can be written as

MT + KT —f=0 (15)
where
M=0'M®, K=0®'K® and f=0'f
and where ® = [y, ¢, ..., dy] is the N x N matrix of eigenvectors. T = @70 is the temper-

ature vector in the modal domain. Note, (15) forms N independent equations because of the
orthogonality conditions, i.e.

O/ Md; =0, &Kb;=0 fori#j

The first M (< N) lowest eigenvalues are selected from the full mode. Hence, the dimension
of @ reduces to N x It. Finally, the temperatures are recovered from the reduction mode by
0=y T.

Note that the eigenvalue reduction technique is suitable for the linear problems. For the
non-linear case, because of the quasi-linearization process, it can still be applied for each
computational time step. However, as shown from our numerical examples, the improvement
of the solution accuracy by the technique is insignificant, but the computational time increases
much more in solving the eigensystems.

3. NUMERICAL EXAMPLES
In this section, four numerical examples are provided to validate the above method. These
include a one-dimensional (1D) plate subjected to a triangular-shape heat flux, a 1D plate with

a square internal heat source in the mid-plane, a two-dimensional (2D) plate subjected to two
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0.08

0.02 -

Figure 3. The variance of ¢ with R. N =37.

trapezoid-like fluxes, and lastly a highly non-linear problem of a 2D axisymmetric cylindrical
wall with 3 zig-zag shape fluxes. All the example problems are taken from the published
literature.

3.1. Case I: triangular surface heat flux at x =0

This example is taken from Beck [1], and has been considered by many authors (cf.,
Reference [15]). A flat plate is subjected to a triangular heat flux at x =0 and insulated
at x = L. The experimental temperatures were simulated from the analytical solution at x =L
at a time interval of 0.02. Noise was simulated by data truncating [1] or by adding a random
component to the exact temperature as follows:

Y, =Y, + ae,

where ¢/, is the standard Gaussian distribution given by [19]

12
&, =Y RN, —6.0 (16)
=1
Here, RN; is a random number uniformly distributed between 0 and 1.
Let the mean square error of the estimated heat flux be defined as

| 12
o= |:7 Z (gi — Qilexact)z]

i=1

Figure 3 plots the variation of ¢ versus R (which is taken as a constant in each calculation). The
accuracy of the results depends on the number of future temperatures. As expected, too small or
too large a constant R both degrade the accuracy. Overall, the present results agree excellently
with the exact solution. To show the effect of varying R, Figure 4 shows a comparison of
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Figure 5. A comparison of calculated heat fluxes for different number of eigenmodes (9t) for R =2.

the calculated heat fluxes for a constant R =3 (with 6=2.63 x 1072, which gives the best
accuracy for the constant R calculations) and the varying R (with 6 =2.32 x 1072). Obviously,
varying R improves the accuracy of the results.

Next, the effect of the eigenvalue reduction is shown in Figure 5. It is seen that the two
lowest eigenmodes can give nearly the same accuracy as when all the modes for the discrete
problem (9t=N=37) are considered. A simple explanation is given as follows. The inner

Copyright © 2005 John Wiley & Sons, Ltd.
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product of @ with itself gives

N
0,0)=) 77
i=1

J_Ci —Ait
Ti=|1--+ !
( ii)e

where /; is the ith eigenvalue given by M;;/K;;. Defining

From (15), it can be shown that

N
(=3 T7/(6.0) (17)
i=1
our calculations show that {=0.99, 1.00 for 9t =1, 2, and remains at 1.00 for 9t=3,4, ..., 37.
Thus, 9t =2 is sufficient to keep the accuracy of the solutions.

The effect of the past heat flux regularization is considered next. The input data for this case
was taken directly from Table 5.3 from Beck [1] with a normalized ¢ =0.0017. The weight is
applied equally to all the surface fluxes, but decays exponentially with time in the following
form:

w;_p) =we P for p=1,2,..., P
where w, is a common weight factor. For the case under study, we chose P =2, w; =108
for t <0 and w; =102 for r>0. Such a choice is made to reduce any initial large oscillations
(cf., Reference [14]). The surface heat fluxes are shown in Figure 6. Also shown in the
figure is Beck’s result for R =2. The past heat flux regularization significantly improves the
results for the early times. In comparison with Beck’s result, we have 6|p—_o=2.68 x 1072,

0.6

2 04
%
=
=
= L
g
=
E o2
£
5
wn L Exact
+
+ P=0
+
o] v P=2
P40 * + Beck’s +" oy
! ! ! ! ! ! ! [
02 0 02 04 06 08 1 12 14
Time

Figure 6. A comparison of calculated heat fluxes for different P. R=2.
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Figure 7. A comparison of the heat source function.

6lp=2=2.60 x 1072, and 0lBeck’s(R =2) = 9-60 x 1072, Because of the large w; for ¢ <0, the
initial oscillation as seen in the case of P =0 is suppressed when P =2. Like the future
temperature, the past heat fluxes may oversmooth the results if P or w; is too large.

3.2. Case 2: ID internal heat generation

To validate the optimization scheme for R, a linear heat conduction in a plate of unitary
dimensionless thickness is considered following Osizik [12]. The plate is initially at zero
temperature and insulated at both ends. A plane heat source g,(f) is placed at x =0.5. The

heat source is taken to be of the form: gy(¢)=1 for 0<t<% and t>§—‘, and g,(t) =2 for

%g t< ;—‘. The temperatures at x =1 are generated by the analytical solution and used as the

input for the inverse problem.

In Figure 7, the heat source predicted by the present method is compared with that of
Osizik [12] using the conjugate gradient method with the adjoint problem. The varying R with
time is shown in Figure 8 with Rpjn =0 and Rpyax =25. The exact gp(r) is shown at the
bottom of Figure 8. The present results agree well with most part of the exact solution, except
near the discontinuities, where, similar to the conjugate gradient method, some oscillations are
observed. In terms of accuracy, Glcurrent =0.044, and G|,y =0.085. One interesting feature
of the present method is about the changes of R. Close to the discontinuities of g,(¢), the
optimal scheme senses the sudden change in the temperatures. Consequently, R suddenly drops
(indicated by the arrows in Figure 8), so that g,(¢) is allowed to make rapid changes also. As
expected, it appears the first time that varying R has been employed.

3.3. Case 3: 2D planar heat conduction

Our next example is taken from Tandy [9]. A 2D slab, as discretized in Figure 9, is sub-
jected two trapezoid-like fluxes. Temperature measurements are taken at nodes 11 and 23. For
comparison purposes, the noise level ¢ =4. Past flux regularization is used with w; =0.1. The
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Figure 8. The varying R versus time.
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Figure 9. FEA model of the 2D slab with two unknown fluxes.

predicted heat fluxes are shown in Figures 10 and 11 using the full eigenmodes with Rpi, =2
and Rpax = 10. Also shown in the figures are the results given by the dynamic programming
technique [9]. The present results are less oscillatory and closer to the real solutions. This
is also true with the reduced eigenmode 9t=6 (not shown here). But, the reduced eigen-
mode 9t=06 is less accurate than the full eigenmode. The same thing can be observed from
Reference [9]. Hence, the eigenvalue reduction does not necessarily guarantee more accuracy
of the inverse solution. It is noted that &, as generated by (16) changes signs almost for
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Figure 10. Heat flux g, (¢) using 25 modes and varying R.
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Figure 11. Heat flux g,(¢) using 25 modes and varying R.

every ¢. This caused some special difficulties for the initial time when the errors are larger
than the temperature changes. As in Cases 1 and 2, the past flux regularization significantly
improves the initial behaviour. Figure 12 shows the variation of R with time. The pattern of
the varying R here is more subtle to analyse. It is affected to a large degree by the uncer-
tainty of the temperature errors. Roughly, it can been seen that each time g,(f) takes a turn
(at t=0.52,1.12), R changes.
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Figure 13. Geometry and sensor location for simulated experiment. All dimensions in mm.

3.4. Case 4: 2D axisymmetric highly non-linear problem

Our last example validates the proposed method against a highly non-linear problem. The model
is illustrated in Figure 13. It is based on the test case given in Reference [20] and intended
to simulate the axisymmetric cylinder wall of an internal combustion engine. Due to lack of
data, direct comparison with Reference [20] is not available.
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Figure 14. Simulated temperatures for ¢ =0.

The thermal conductivity is assumed to be temperature dependent and given by

0 — 6o

k(O)=k k1 — ko) ——————
(0) =ko + (k1 0)01_00

where ko =k(0=0°C)=2(W/m — C) and k; =k(0; =1000°C) =22(W/m — C). The volume
heat capacity is taken as a constant 3.8 x 10°J/m> C. Figure 14 shows the ‘experimental’ data
for the six sensors. The thermal conductivity changes nearly one order of magnitude under the
thermal loading conditions.

We consider only the cases using the ‘exact’ data as the input. Figure 15 shows the predicted
heat fluxes when no local iterations are used, and Figure 16 shows the predicted heat fluxes
when the local iterations are evoked. Small oscillations can be seen for the case when no
local iterations are used. The oscillations disappear when R is increased to three (not shown
here). Interestingly, the oscillations also disappear when local iterations are used. Generally,
the local iterations tend to improve the overall accuracy of the inverse solutions. However, for
large R, the local iterations may decrease the accuracy; therefore, a real solution is closer to
the average of the solutions with and without the local iteration. It is also found that usually
two to three such local iterations would satisfy the stopping criterion. In places where the
temperatures change rapidly, more iterations are observed as expected.

4. CONCLUSION

In conclusion, the present work proposes a hybrid regularization method for the inverse heat
conduction problems. The method includes the features of the sequential function specification
method, the Tikhonov method, the eigenvalue reduction method, and the self-regularization
method. A physical interpretation is given for the governing equation, which enables a direct
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Figure 15. Estimated heat flux for 6 =0 and R =2 with no local iteration.
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Figure 16. Estimated heat flux for 6 =0 and R =2 with local iterations.

extension of the method to the inverse heat generation problems and removes the dependence
of the method on the underlying numerical method.

The future temperatures are found to be the most important factors in determining the surface
fluxes. Too small a number of future temperatures produces an oscillatory (or non-convergent)
result and a number too large may oversmooth the results. An optimal number of future
temperatures is suggested based on the idea of the self-regularization. In the case where there
exist sharp changes in the surface heat fluxes, the optimal scheme predicts a change of R.
Although the optimal scheme is tested against the numerical cases under study, we do not claim
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the scheme to be a golden rule, especially regarding the choice of (R). The reason is twofold.
First, the uncertainty of the measurement errors to a large degree affects the local behaviour
of ¢(R). Second, the distribution characteristics may not hold true for a small number of
sampling future temperatures. But at least the present effort appears to be a worthwhile attempt
in optimizing R. Further investigation is needed in understanding this aspect.

The past heat fluxes can improve the accuracy of the inverse solutions. However, like the
future temperatures, they may smear out sharp changes in the heat fluxes if overweighed. One
situation in which the past heat flux regularization is suggested is at the beginning of the
calculations when the level of the heat flux before the start of the heating/cooling process is
known a prior (usually zeroes). For all the cases under study, it removes the initial oscillation
(if it exists) in the predictions.

As for the eigenvalue reductions, we show that in one aspect, a very small number of
eigenvalues of a large system can be used to produce a very close result to the full-mode
solution; on the other aspect, as the system is discretized into more elements, the eigenvalues
tends to be more uniformly distributed, hence, more eigensystems should be used according to
(17). Yet, the computation cost increases exponentially with increasing N. This is especially true
for the non-linear problem for which the eigensystems have to be solved for each computational
step. The overall effect of eigenvalue reduction is found to be limited.

The local iteration scheme in general tends to improve the accuracy of the inverse solutions
and may suppress artificial oscillations that may be present. Either large R or the local iterations
can reduce the solution oscillations, but when used simultaneously, the results worsen. So, a
balance between a large R and using local iterations is suggested.
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